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Abstract. We show that any continuous partial action a on a topological space X is the restriction of 
a suitable continuous global action o'^, that is essentially unique. We call this action the enveloping 
action of a, and the space X'^ where acts is called the enveloping space of X. X'^ is Hausdorff if 
and only if X is Hausdorff and the graph of a is closed. 

In the case of C*-algebras, we prove that any partial action has a unique enveloping action up to 
Morita equivalence, and that the corresponding reduced crossed products are Morita equivalent. The 
study of the enveloping action up to Morita equivalence reveals the form that Takai duality takes for 
partial actions. 

By applying our constructions, we prove that any partial action of a connected group on a unital 
C*-algebra must be a global action. We also prove that the reduced crossed product of the reduced 
cross sectional algebra of a Fell bundle by the dual coaction is liminal, postliminal, or nuclear, if and 
only if the unit fiber of the bundle is liminal, postliminal, or nuclear, respectively. 
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1. Introduction 

Partial actions on C*-algebras were gradually introduced in l^, Q and Since then, several 
classes of C*-algebras have been described as crossed products by partial actions. This is the case of 
approximately finite, Bunce-Deddens and Cuntz-Krieger algebras, among others. (0, ||ll| and 
[^). In addition, the description of a C*-algebra as a crossed product by a partial action has proved 
to be useful to describe its structure and sometimes to compute its K-theory. 

In the present paper we deal with enveloping actions of partial actions. That is, we discuss the 
problem of deciding whether or not a given partial action is the restriction of some global action, and 
the uniqueness of this global action. 
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The exact statement of the problem depends on the category under consideration, as much as the 
definition of a partial action does. For instance, in the category of topological spaces and continuous 
maps, we say that an action /3, acting on Y, is an enveloping action of the partial action a, acting on 
X, if X is an open subset of y, a — and Y is the /3-orbit of X. In the category of C*-algebras 
and their homomorphisms, we say that (/3, B) is an enveloping action of the partial action a, acting 
on the C*-algebra A, if A <\ B, a = /3\^, and B is the closed linear /3-orbit of A. In this paper we 
discuss enveloping actions in both categories. In the first one, the enveloping action always exists and 
is unique. In the second one it is unique when it exists, but in general this is not the case. For this 
reason we consider a weaker notion of enveloping action in the context of C*-algebras, called Morita 
enveloping action. We show that any partial action on a C*-algebra has a Morita enveloping action, 
which is unique up to Morita equivalence. Moreover, the corresponding reduced crossed products are 
strongly Morita equivalent. It turns out that Morita enveloping actions of partial actions are intimately 
related to Takai duality: if a is a partial action of the group G on a C*-algebra A, 6 is the dual coaction 
of G on A >ia,r G and 5 is the dual action of G on A G xi^.^ G, then 5 is the Morita enveloping 
action of a. 

The structure of the paper is as follows. 

In Section ^ we study partial actions in a topological context. In this case we show that for every 
partial action there exists a unique enveloping action, which is characterized by a universal property 
(2.5). We exhibit an example where the partial action acts on a Hausdorff space while its enveloping 
action acts on a non-Hausdorff space (2.9). This implies that in the category of G*-algebras, the 
problem of existence of enveloping actions does not have a solution in general. Those partial actions 
whose enveloping actions act on a Hausdorff space are precisely those with closed graph ( 2.1C| ). 

Section || is devoted to consider the problem of enveloping actions in the category of G*-algebras. In 
view of the results of Section |^, there is in general no enveloping action for a given partial action on a 
G*-algebra. So the main matter of this section is the uniqueness of the enveloping action. It is shown in 
Theorem 3.8 that the enveloping action is unique when it exists. In the remainder of the section we study 
some relations between the G*-algebras where a partial action and its enveloping action, respectively, 
act. 

In Section ^ we discuss the relation between the reduc ed cr ossed products A yia,r G and B xip^r G, 
where (/3, B) is the enveloping action of (a, ^4). In Theorem 4.18 we prove that they are Morita equivalent 
(In this paper Morita equivalence means strong Morita equivalence). As an application of this result, we 
show in 4.20 that any partial representation of a discrete amenable group may be dilated to a unitary 
representation of G, so in particular it is a positive definite map. 

In order to overcome the negative result obtained in Section ^ about the existence of enveloping 
actions, we introduce in Section g the weaker notion of Morita enveloping action. This concept involves 
Morita equivalence of partial actions, which is defined and studied in this section. In particular, we show 
that the reduced crossed products of Morita equivalent partial actions are Morita equivalent ( 5.15 ). This 
allows us to deduce that the reduced crossed product by a partial acti on an d the reduced crossed product 
by a corresponding Morita enveloping action are Morita equivalent ( ^.17 ). 

In the sixth section we pave the way for proving the main result of the paper, namely the existence 
and uniqueness of the Morita enveloping action, which is achieved in Section ^ ( [7.3| , 7.6). With this 
goal in mind, we consider two G*-algebras, k{B) and kr{B), that are completions of certain *-algebra 
of integral operators naturally associated to a Fell bundle . By using the uniqueness of the enveloping 
action, we prove that in fact these G* -algebras are equal ( |6.16 ). In the last section we will see that, if 
the Fell bundle is associated to a partial action a on a G*-algebra A, then the algebra k{B) also agrees 
with the double crossed product AySa.rGxs^rG, where S is the dual coaction on Ax\a^rG (pH]). 

This paper corresponds to the second part of my doctoral thesis (lQ|). It is a pleasure to express my 
gratitude to my advisor Ruy Exel for his guidance and several conversations about enveloping actions, 
which greatly enriched this work. 
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2. Enveloping actions: the topological case 

In this section we consider the problem of enveloping actions in the category of topological spaces 
and continuous maps. In the first part we give the necessary definitions and some examples. In the 
second one we show that any partial action has a unique enveloping action, which is characterized by 
a universal property. This result implies, in particular, that if v is a vector field on a smooth manifold 
X, then there exist a smooth manifold Y, a vector field w on Y, and an inclusion l : X ^ Y, such that 
l{X) is open in Y and v = wt. We show that if (a, X) is a partial action, where X is a Hausdorff space, 
and if {f3, Y) is its enveloping action, then y is a Hausdorff space if and only if the graph of a is closed. 



2.1. Partial actions: basic facts and examples. 

Definition 2.1. A partial action of a topological group G on a topological space X is a pair a = 
{{Xs}s^G,{<^s}seG) such that: 

1. Xf is open in X , and at '■ X^-i —>■ Xf is a homeomorphism, G G. 

2. The setTc = {{t,x) e G x X : teG,xe Xt-i} is open in G x X, and the function (also called 
a) a:Ta^ X given by {t,x) i — > at{x) is continuous. 

3. a is a partial action, that is, X^ = X, and a^t *s an extension of a^at, Vs,t £ G. 

If a = (^{Xt} tea, {at} tea) and fi — ({YtjtgG, {Altec) o,re partial actions of G on X and Y, we say 
that a continuous function (j) : X ^ Y is a morphism 4> : a ^ (3 if 4>{Xt) C Yt, and the following 
diagram commutes, Vi G G: 

Xt-. Yt-i 



at 



0t 



Xt -^Yt 

<t> 

If we forget the topological structures of G and X , we say that a is a set theoretic partial action; note 
that in this case condition 2. is superfluous, and condition 1. amounts to saying that each at is a 
bijection. 

Condition 3. above is equivalent to the following set of conditions (see Lemma 1.2 of p^ ): 

1. tte = idx and at-i ~ cit^^ , £ G. 

2. atiXt^inXs)^XtnXts,ys,tGG. 

3. asat : Xt-i fl Xj-i^-i Xg Ci Xst is a bijection, and asat{x) — ast(x), Vx G Xt-i n Xf-i^-i and 
Vs,t G G. 

Example 2.2. Let /3:GxF— >Fbea continuous global action and let X be an open subset of Y . 
Consider a — the "restriction" of (3 to X, that is: Xt = X f] (3t{X), and at : ^t-i — > Xt such that 
at{x) — I3t{x), G G, X G Xt-i. It is easy to verify that a is a partial action on X. In fact, the main 
result of this section shows that any partial action arises in this way. Note that, in particular, (3 may 
be identified with the partial action 

Example 2.3. The flow of a differentiable vector field is a partial action. More precisely, consider a 
smooth vector fleld v : X ^ TX on a manifold X , and for x € X let be the corresponding integral 
curve through x (i.e.: 71(0) = x), defined on its maximal interval {oxThx)- Let us define, for t G M: 
X_t = [x € X : t e {ax,bx)}, at : X^t Xt such that atix) = jx{t), and a = {{Xt}tm, {(^t}tm) ■ 
Then a is a partial action of R on X. 

It is well known that the integral curves of a vector field on a compact manifold X are defined on all 
of R. This is a particular case of the next result, which in turn may be generalized to a theorem about 



partial actions on G*-algebras to be proved later in Section H (Corollary 8.7) 
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Proposition 2.4. Let a he a partial action of G on a compact space X. Then there exists an open 
subgroup H of G such that a restricted to H is a global action. In particular, if G is connected, a is a 
global action. 

Proof. Let ^ {t ^ G : a; G Xt-i}, and A — f^xexAx■ It is clear that e ^ A and st e A whenever s, 
t ^ A\ that is, A is a submonoid of G. For every x € X there exist open neighborhoods Ux C X of x and 
Vx Q G oi e such that 14 x i/j; C Fq, and Vx = V~-^ . Since X is compact, there exist xi, . . . ,Xn & X 
such that X = Wj^iUxj- Consider now the neighborhood V = ri^j^-^Vxj. Since V is symmetric and 
V C A, we have that H = U^^iV" is an open subgroup of G contained in A. 

As for the last assertion, just recall that the unique open subgroup of a connected group is the group 
itself. □ 



2.2. Existence and uniqueness of enveloping actions. 

Theorem 2.5. Let a be a partial action of G on X. Then there exists a pair (t, a^) such that is 
a continuous action of G on a topological space X^, and l : a ^ is a morphism, such that for any 
morphism tp : a ^ P, where (3 is a continuous action of G, there exists a unique morphism ip^ : a'^ —>■ P 
making the following diagram commutative: 

a *- 




Moreover, the pair (t, a^) is unique up to canonical isomorphisms, and: 

1. i{X) is open in X^. 

2. i : X t{X) is a homeomorphism. 

3. X^ is the -orbit of l{X). 

Proof. Let us consider the action -y : Gx {Gx X) GxX such that 7s(t, x) — {st, x), Vs, t e G, a; G X. 
We endow G x X with the product topology, so 7 is a continuous action. Moreover, 7 is compatible with 
respect to the equivalence relation on GxX given by: (r, x) ~ (s, y) <;=4> x £ X^-ig and ag-i^ix) = y. 
Thus 7 induces a continuous action of G on the quotient topological space X^ — [G x X)/ ^. Let 
g : G X X — > X^ be the quotient map, and define i : X ^ X^ such that i{x) = q{e,x). Since the 
inclusion X G x X given by x 1 — > (e, x) is continuous, we have that l also is. Moreover, if a: G Xf~i , 

L{at{x)) ^q{e,at{x)) ^ q{t,x) ^ q{'yt{e,x)) =Qt(g(e,a;)) =at(t(a;)), 

so t is a morphism. 

We must prove now that the pair (t, a^) has the claimed universal property. Note first that if 
P : G X Y ^ Y is a continuous action and ip : X —>■ Y is any continuous function, then the map 
-ip' : G X X ^ Y such that ip'{t, x) = /?t('0(x)) is a morphism 7^/3. Moreover, if ip : a ^ P is also a 
morphism, then ij/ is compatible with ~: if {r,x) ~ is,y) in G x X, since ag-ij,{x) — y, we have: 

Ps-^{lp'{r,x)) ^ Ps-l{Pr{lp{x))) ^ Ps-^r{^{x)) ^ t/j {as-ir{x)) ^Ipiv), 

and therefore: ip'{r,x) = Ps{''P{y)) — i^'{s,y). Thus -0' induces a continuous map -0^ : X^ — > Y, such 
that 0®(g(t, x)) = Ptii^ix)), Vt G G, a; G X. We have that ^^l(x) = ip^{q{e,x)) = tp{x), and it is also 
clear that ip^ : ^ P is & morphism, uniquely determined by the relation tp^L = ip. 

Since the pair (t, a^) is characterized by a universal property, it is unique up to isomorphisms (In 
categorical terms, is a universal from a to iJ, where : A ^ VA is the forgetful functor from the 
category of actions to the category of partial actions; see for details). 

It remains to prove the last three assertions of the statement. The third of them is clear, because 
q{t, x) = af (t(a:)) ,yt € G, x € X . As for the first and second, note that t is clearly injective, so it suffices 
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to show that it is an open map. Let [/ C X be an open subset. We have to show that q ^[l{UY) is open 
in G X X. But q-^{i{U)) = {{t,x) : (t,x) - (e,y) for some y & U} = {{t,x) : at{x) G C/} = a-'^{U), 
which is open in Ta because a is continuous, and hence open in G x X because is open in G x X. □ 



Definition 2.6. Let a be a partial action of G on X. We say that the action provided by Theorem 



2.1 is an enveloping action of a. We will also say that is the enveloping space of X, ip^ is the 



enveloping morphism of tp, etc. 



Remark 2.7. Assume that h : X X is a, homeomorphism, so we have an action of Z on X. We may 
think of this action as a partial action of on X, where Md denotes the real numbers with the discrete 
topology. Indeed, define Xs = X if s G Z, X<; = if s ^ Z, and as : X-s — > Xg as as = h^ \i s € Z, 
as = otherwise. Note that a is not a partial action of R on X, because Z x X is not open in M x X. 



However, we can imitate the construction of the enveloping action made in the proof of 2.5 above, using 
R instead of K^, to obtain a global continuous action : K x (R x X)/ > (K x X)/ ^, such that 
Pn{x) = a„(a;), Vn G Z, a; G X. This action (3 is called the suspension of h, and its construction is well 
known in dynamical systems theory (see page 45). 

From now on we will suppose, as we can, that X C X^. Since X^ is the a^-orbit of X, we see that 
X and X^ share the same local properties. However, their global properties may be very different, as 
shown in the next two examples. 

Example 2.8. Consider the action /3 : Z x 5^ ^ 5^ given by the rotation by an irrational angle 6: 
I3k{z) = e^'^^'^^z, \/k G Z, z G . Let U he a nonempty open arc of , U ^ , and consider the partial 



action given by the restriction a of P to U (see Example 2.2). Since the action /3 is minimal, it follows 
that f3 is the enveloping action of a. This example shows that, even when X and X^ are similar locally, 
their global properties may be deeply different. In this case, for instance, the first homotopy groups of 
U and are different. 



Example 2.9. Consider the partial action a of Z2 on the unit interval X = [0, 1], given by ai = idx, 
a-i = idv, where V — {a,l], a > 0. Let a^ : G x X^ — ^ X^ be the enveloping action of a. Consider 
J = J~ U J"*" C R^ with the relative topology, where = {±1} x [0, 1]. It is not difficult to see that X^ 
is the topological quotient space obtained from J by identifying the points (1, t) and (—1, t), Vt G (a, 1]. 
Therefore, X^ is not a Hausdorff space: (l,a) and (— l,a) do not have disjoint neighborhoods. Note 
also that al_i permutes (1, t) and (—1, t) for t G [0, a], and is the identity in the rest of X^. 

The obstruction for the enveloping space to be Hausdorff is made clear in the next proposition. 

Proposition 2.10. Let a be a partial action of G on the Hausdorff space X. Let Gr(Q:) be the graph 
of a, that is Gr(a) = {{t, x,y) d G x X x X : xG Xf-i , at{x) = y}. Then X^ is a Hausdorff space if 
and only if Gr (a) is a closed subset of G x X x X. 

Proof. Let us suppose that X^ is a Hausdorff space, and let (ti, Xi, a{ti, Xi)'j ~> {t,x,y) G G x X x X . 
In particular, a{ti, Xi) — > y G X. Since a^ is continuous, a^(ti, Xi) a^{t^ a;), and it must he y — a{t^ x) 
because of the uniqueness of limits in Hausdorff spaces. 

Conversely, assume that Gr(a) is closed \\\ G x X x X, and let x^, y^ G X^. We want to show that if 
there does not exist disjoint open sets in X^, each of them containing x^ or y^, then x^ = y^. Since a\ is 
a homeomorphism of X^, by 3. of p.5| we may suppose that x^ ~ x G X. Let y G X, t G G be such that 
a^{y) — y^ . If every neighborhood of x intersects every neighborhood of y^, then for any pair ([/, V) of 
neighborhoods in X of x and y respectively, there exists x^j^ G t/ fl a\{V), say x^j^ = al^y^jy), with 
Vuv G ^- Consider the net {{t,y^ ^,x^ y)}ij,v Q Gr(a): it converges to {t,y,x), so at{y) = x, because 
Gr(a) is closed. Hence x = y^, and X^ is Hausdorff. □ 
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Remark 2.11. if G is a discrete group, then Gr(a) is closed m G x X x X ii and only if Gr{at) is closed 
inX X X,yte G. 



Remark 2.12. As already seen in p.3| , the flow of a smooth vector field on a manifold is a partial action, 
indeed a smooth partial action. The enveloping space inherits a natural manifold structure, although not 
always Hausdorff, by translating the structure of the original manifold through the enveloping action. 
It would be interesting to characterize those vector fields whose flows have closed graphs. For such a 
vector field, one obtains a Hausdorff manifold that contains the original one as an open submanifold, 
and a vector field whose restriction to this submanifold is the original vector field. Note, however, that 
the inclusion of the original manifold in its enveloping one could be a bit complicated. 

It is possible to exhibit examples of flows with closed graphs and flows with non-closed graphs. 

2.3. On the dynamical properties of the enveloping action. Before closing this section we would 
like to make some brief comments about the dynamical behavior of the enveloping action. 

Many of the algebraic and even dynamical notions related to global actions may be easily extended to 
the context of partial actions. For instance, it is possible to make sense of expressions such as transitive 
partial actions or minimal partial actions. To give an example, we say that a partial action a on a 
topological space X is minimal when each a-orbit is dense in X, that is, when X = {at{x) : t G X^-i}, 
Vx G X. It is not difficult to show that the dynamical properties of a and are in general the same, 
although we will not do it in this work. For instance, it is not hard to see that a is minimal if and only 
if is minimal. 

3. Enveloping actions: the C*-case 

In this section we consider partial actions on C*-algebras. We begin by recalling the definition of a 
partial action in this context, and then we introduce a notion of enveloping action that corresponds, in 
the case of commutative C*-algebras, to the concept of enveloping action treated in Section Next, we 
discuss the existence and uniqueness of enveloping actions, and we close the section by studying some 
properties of the enveloping C*-algebras. Throughout the rest of this paper, G will denote a locally 
compact Hausdorff group. 

The most general definition of a partial action is the one given in |9[| , where the reader is referred to 



for more information. We recall it in 3.2 below 



Definition 3.1. Let E be a Banach space, X a topological space, and for each x G X, let be a 
Banach subspace of E. We say that {Ex}xex is o, continuous family if for any open subset U of E, the 
set {x ^ X : U n E^ ^ 0} is open in X . 

If £ = {{x, v) E X xE : t; G E^}, with the product topology, and tt : £ ^ X \s the natural projection, 
then {Ex}xex is a continuous family if and only if tt is open; in this case, {£, tt) is a Banach bundle (see 

, where the notion of continuous family was introduced) . For details about Banach bundles and Fell 
bundles, we refer the reader to jlj]. Note that our notation differs sometimes from that of iQ. Also 
observe that Fell bundles are called C*-algebraic bundles in that book. 

Definition 3.2. Let G be a locally compact group and a = {{Dt\teGi {<^t\teG) o, set theoretic partial 
action of G on the G* -algebra A, where each Dt is an ideal of A and each at is an isomorphism of 
C* -algebras. Consider B^^ = {(^:^) € G x B : 6 G -Dj-i} Q G x A with the product topology. We 
say that a is a partial action of G on A if {Dt}teG is a continuous family and the map (also called) 
a : —> A such that {t,b) i — > at{b) is continuous (note that, being {Dt}t^G o, continuous family, 
is a Banach bundle). If a' — ({DjjtgG, {aJltgc) is a partial action of G on A' , a morphism cj) : a ^ a' 
is a homomorphism (/) : A A' such that 4>{At) C Af, \/t G G. 

In 1^, Exel has shown that if a = {{Dt}teG^ {o^tltGc) is a partial action of G on the C*-algebra A, 
the Banach bundle Ba = {(i, 2:) '■ x G Dt} C G x ^, with the relative topology, is a Fell bundle with 
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product and involution given by (here XfSt {t,Xt) £ Ba)'- (xtSt) * {xgSs) — at (a^ ^{xt)xs) Sts and 
(xtSt)* — a^^{x^)St-i respectively. Ba is called the semidirect product of A and G. We will also say 
that Ba is the Fell bundle associated with a. The cross sectional C*-algebra C*{Ba) of Ba is called 
crossed product of A by a, and is denoted by A »aG. 

Example 3.3. li l3 : G x B ^ B is a continuous action and A <i B, then the restriction /3|^ of /3 to A 



(see 2.2) is a partial action of G on A. In particular, f3 may be identified with the partial action f3\ 



Let us concentrate for a moment on the case where A — Co{X), for some locally compact Hausdorff 
space X. Suppose that {Xt}t£G is a family of open subsets of X, so {Dt}t£G is a family of ideals in A, 
where Dt = Co(Xt), Vt G G. If G is a locally compact Hausdorff space, one can show that {Dt}teG is a 
continuous family if and only if the set T = {{t,x) : x e } C G x X is open with the product topology. 
Suppose in addition that G is a group. To give an isomorphism at : Df-i — > Dt is equivalent to give 
a homeomorphism at : Xt-i Xt- Now, it is possible to show that a given family of isomorphisms 
{at : Dt-i — > Dt}t£G is a partial action on A if and only if the corresponding family of homcomorphisms 
{dt : Xt-i Xt}t(^G is a partial action on X (||l|, 

In the situation above, if the partial action a — ({Xt}teGj {dtltgc) has an enveloping action (3 — a^ 
acting on the enveloping space y, then A is an ideal oi B — Go(F), and the action (3 induced by (3 on 
B satisfies: = a. Moreover, the /3-linear orbit [/3(A)] := span{/3((a) : a G G G} of A is dense in 
B, by the Stone- Weierstrass theorem. These facts justify the following definition. 

Definition 3.4. Let a — {{Dt}teGi {c^tltec) be a partial action of G on the C* -algebra A, and let (3 
be a continuous action of G on a G* -algebra B that contains A. We say that {P,B) is an enveloping 
action of {a, A) (in the category of C* -algebras), if the following three properties are fulfilled: 

1. A is an ideal of B (two-sided and closed, of course). 



2. a = (3\^, that is Dt = An Pt{A), and at{x) = (3t{x), \/t G G and x G D. 



3. B = [(3{A)], where [/3(A)] span{/3f(a;) : teG,xeA}. 
We then say that B is an enveloping G* -algebra of A. 

Proposition 3.5. Let a — ({Dt}teGy {at}teG) be a partial action of G on a commutative G* -algebra 
A, and let a the corresponding partial action of G on A. Then the following assertions are equivalent: 

1. Gr(d) is closed in G x A x A. 

2. a has an enveloping action in the category of commutative C* -algebras. 

3. a has an enveloping action in the category of C* -algebras. 



Proof. It is clear that 2. implies 3., and 1. and 2. are equivalent by Proposition 2.10, because of the 
categorical equivalence between locally compact Hausdorff spaces and commutative G*-algebras. To see 
that 3. implies 2, let us suppose that (/3, B) is an enveloping action of the partial action a on an abelian 
G*-algebra A. Since A is a commutative ideal of B, A is contained in the center Z{B) of B: if a G A, 
b G B, and {eiji^i C A is an approximate unit of A: 

ab = lim(a6)ei = lima(6ei) = lmi{bei)a = lim6(e.ia) = ba. 

i i i i 

Since Z{B) is invariant, it follows that /3t(A) C Z{B), Mt e G, thus span{/3t(a) : i G G, a G A} C Z{B). 
But then B = span{/3f (a) : i G G, a G A} C Z{B) C B, and therefore B = Z{B), so B is abehan. □ 

In ll| several algebras generated by isometries satisfying certain relations are studied, and they are 
shown to be crossed products by partial actions. At the topological level, all these partial actions have 
enveloping actions acting on Hausdorff spaces, and therefore they have also enveloping actions at the 



G*-algebra level by 3.5 
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3.1. On the uniqueness of enveloping actions. Proposition 3.5 and Example 2.9 show that not 
every partial action on a C*-algebra has an enveloping action. We will prove that at least the enveloping 
action is unique when it does exist. Note that we already know this in the commutative case. 

Lemma 3.6. Let {JaIagA be a family of ideals of a C* -algebra A, and consider \\ - \\\ : A ^ M. such that 
\\a\\\ = snp^^^{\\ax\\ : x £ Ja, ||x|| < 1}. Then \\ ■ ||a is a C* -seminorm on A, such that \\ ■ ||a < || • ||, 
and II • IIa is a norm iff span{x G Ja : A G A} is an essential ideal of A. In this case, \\ ■ ||a = || • ||- 

Proof. Let B = HagA^a, where Ax = A, VA G A, and consider J= [x = [xx) e B : xa G Ja,VA G A}. 
Then i? is a C*-algebra with ||6|| — sup;^^^ II^a||, and J is an ideal of B. In particular, J may be 
considered as a right Hilbert i3-module with the inner product: {x, y) — x*y, so there is a homomorphism 
T] : B ^ C{J) given by r]{b)x = bx. On the other hand, we have an inclusion l : A ^ B given by 
i{a)x = a, VA G A. Thus, we get a homomorphism fj = rjt, and therefore ||77(a)|| < ||a||j Va G A. But 
||f)(a)|| = sup{||ry(a)x|| : a; G J, ||a;|| < 1} = ||a||A- Finally, it is clear that 77 is injective if and only if 
spanjo; G Ja : A G A} is an essential ideal of ^. □ 



Lemma 3.7. Let a — {{Dt}teGi {<^t}teG) be a partial action of G, and assume that (/?, -B) and (7, C) 
are enveloping actions of a. Then, ya,b Cz A, t £ G, we have: (3t{a)b = 7((a)6 (note that both of these 
products belong to Dt). 

Proof. Let (ui) be an approximate unit of Di-i. Then UiO G Di-i , Vz, and since a is both the restriction 
of P and 7 to A, we have: I3t{a)b — \mi j3t{uia)b — ]iu\at{uia)b — ]iu\^t{uia)b — ^t{a)b. □ 



Theorem 3.8. Let {ol,A) be a partial action of G, and assume that {f3,B) and (7,C) are enveloping 
actions of a. Then there exists a unique isomorphism (p : B C such that (f)(3t = ^t4>j ^ G, and 
= idA- 

Proof Fors G G, let \\-\\s : B ^ R and : C ^Rbegivenby \\b\\s := sup{||6a;|| : x G (3,{A), \\x\\ < 1} 
and llcll" := sup{||c?/|| : y G js{A), \\y\\ < 1}. By Lemma 3.6, || • \\s and || • ||^ are C*-seminorms, and 
II • lis ^ sup, II • II,, II ■ lie = sup, II ■ ||^ 

Let <i, G G and ai, . . . , a„ G A. We want to show that || J2i /3ti(ai) lis = || J2i^uiai)\\c- For 

this, it is enough to prove that || X]i/^ti('^i)IU — \\^ilti{ai)\\^ jVs G G. Let s G G and a e A. By 
Lemma [3.7] we have: 

\\J2Pu{a,)Ps{a)\\ = \\f3s{J2 Ps-hMHI = hs{Y.ls-H,{a,)a)\\ = || ^ 7*, (a07.(«)l|. 

i i i i 

It follows that II E^Puia^)\\s = II E^ltMW, Vs G G, and hence that || E^PtAa^)\\B = II 7*. («^)l|c• 
Thus, (f> : [7(^)] such that </>( Ei ('^O) — Ei7*i(^i) is an isometry of a *-dense ideal of B 

onto a *-dense ideal of G, and therefore it extends uniquely to an isomorphism (j) : B C, which clearly 
satisfies ^t4> = 4'Pt, G G, and <^L = idA- Moreover, it is clear that these conditions determine 0. □ 



3.2. Some properties of the enveloping algebra. To close this section we study some properties 
that are shared by a G*-algebra and its enveloping algebra. In what follows it will be assumed that 
(a^, A^) is an enveloping action of {a, A). 

Proposition 3.9. Let C be a class of C* -algebras that is closed by ideals, isomorphisms, and such 
that any G* -algebra B has a largest ideal C{B) that belongs to C. Then A £ C A^ G C, and 

C{A) = C{A^) = 0. (C may be, for instance, one of the following classes of C* -algebras: nuclear, 

type Iq, liminal, postliminal, antiliminal). Then A £ C <^=> A^ G C. 

Proof. Note that C{A^) is a^-invariant, and since C{A^)r\A = C(A), we have that C(A^) = span{af (C(A) : 
t G G)}. From this, the result follows immediately. □ 
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Proposition 3.10. Any separable C* -algebra has a largest ideal that is approximately finite. If G is a 
separable group, then A is approximately finite iff A^ is approximately finite. 

Proof Let AF{B) be the set of AF-ideals of a C*-algebraB. Since G AF{B), we have that 0. 
Let I,Jii AF{B), and consider the foUowing exact sequence of C*-algebras: 

U-/ + J^U.J/{I n J) ^0 , 

where l is the inclusion and tt is the quotient map. Since the class of AF-C* -algebras is closed by ideals, 
quotients and extensions, it follows that / + J G AF{B). Suppose in addition that _B is a separable 
C*-algebra, and let D = {dn}n>i be a countable and dense subset of spanja; & J : J G AF{B)}. 
Since Ji + . . . + Jk G AF{B), whenever Ji,... , Jk G AF{B), there exists an increasing sequence 
{J„}„>i C AF{B) such that dn G J„, Vn > 1. It follows that J — U„>i is an AF-ideal that contains 
any ideal of AF{B), and this proves our first assertion. As for the second one, note that, since G is 
separable, then A is separable if and only if so is A^. Now, by the first part, the result is proved as in 



13.9. □ 

4. Enveloping actions and crossed products 



The main result of this section. Theorem [4.1q , is the following: if a partial action a of G on a C*- 
algebra A has an enveloping action (a^, A^), then A »a,r G and A^ r G are Morita equivalent. This 
theorem will be obtained as a consequence of a more general result on Fell bundles. 

We begin by recalling the definition of the regular representation and the reduced cross sectional 



algebra of a Fell bundle. Then we prove 4.9, a result that will be of great importance later to prove 



4.18. Finally we apply Theorem 4.18 to show that any partial representation of an amenable discrete 



group G is the compression of some unitary representation of G. 

4.1. Preliminaries on Fell bundles and crossed products by partial actions. In ||l^, the authors 
defined the reduced cross sectional algebra of a Fell bundle, generalizing the definition given by Exel in 
JlO[ for bundles over discrete groups. The definition is the following: C*{B) is the closure of A (^L^{B)^ 
in C{L^{B)) , where A/^ = / * ^, V/ G CdB) C L^{B), C e CdB) C L^{B). When G is a non-discrete 
group, it is not immediate that A, defined by means of convolution of continuous functions, extends to 
a representation of L^{B). The proof of this fact given below seems to us more direct than the one in 



|13[ . Next, we show that if ^ is a sub-Fell bundle (4.8) of B, then C*{A) may be considered to be a 
sub-G*-algebra oiC;{B). 

For the general theory of Fell bundles, also called G*-algebraic bundles, and their representations, 
the reader is referred to Q. Let us suppose that B = {Bt)t£G is a Fell bundle over G. li K (Z G 
is a compact subset, then Gk{B) denotes the Banach space of continuous sections of B, with the 
supremum norm. Cc(B) denotes the *-algebra of continuous sections of B that have compact support, 
with the locally convex inductive limit topology defined by the natural inclusions Ck{B) ^ Gc{B). 
If i?e is the fiber of B over the unit e of G, then L^{B) is the right Hilbert i?e-module obtained 
by completing Cc{B) with respect to the i?e-inner product: {£,,ri) = J^^{s)*r]{s)ds. If bt G B*, let 
(Ab,^)|^ = btCit^^s), G CciB). We have that A,,,^ G Cc{B), and supp(Ab,0 C tsupp(C). In addition: 
{Ab,^,Ab,0 = lG^it'^^)*b*Mit'^s)ds < J^({t-\s)*\\b;btU{t-^s)ds = ||&t|P(C,0, and hence At, may 
be extended to L'^{B). In fact, it is easy to see that A^^ is adjointable, and AJ^ = Ah*. 

Let us define A : ;B C{L^{B)^ by 6 i — > A^. It is immediate that A|^ is a bounded linear map. 



Vi G G, and that A^Ac = A;,c, Vfo, c G S. We will see that A is also continuous (that is: A satisfies 4.2) 



Lemma 4.1. // ^ G Cc{B) and bt G B, then for any e > there exists an open U QB, with bt G U, 
such that if b ^ U, then ||Ab^ — Ai,^(,\\oo < £• 

Proof. Suppose that there exists e > such that for any open neighborhood U of bt there exist br^j G U 
and su €G such that \\{Ab,^^){su) ~ {Ab,0{su)\\ > e, that is, \\bru£.{ru^ su) - bt^{t-^su)\\ > e. Note 
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that supp(Afc^ ^) C r(7supp(^), supp(Afcj^) C tsupp(^). Since br^ bt, then ru t. Thus there exist 
a compact set K (Z G and a neighborhood Uq of bt such that supp(Af,^^^) C \IU C Uq. Then the net 
{su)ij(zuo ^ K 1 ^'^d hence it must have a subnet that is convergent to some sq G K. We may assume 
without loss of generahty that the net itself converges to sg. But this is a contradiction, because: 

= \\bt£.{t-^so) - bti{t-\so)\\ - lim \\br„aru^su) ~ bti{t-\su)\\ > e. 
The contradiction implies that the Lemma is true. □ 

1 /2 

Recall that £^(B) is the completion of Cc{B) with respect to the norm ||^1|2 = (/^ IICC'*)!^'^*) ■ So 
if £_n ^ $ in £'^{B), with e Cc{B), we have that ^„ ^ in L^{B), because ||.^|| < Uh- In fact, 
M\\ — II /g ?('^)*^(*)'^*ll^^^' ^'^'^ since /q C(s)*^(s)ds is a positive element of Be, there is a state (/s of Be 
such that II /GC(s)*C(s)ds|| ^ ipiJ(.^{s)*Cis)ds). Then: 



G 



ifii / = / ^{asras))ds< / iiem(s)iMs = iieii^ 



G / Jg 



On the other hand, it is clear that if br — > bt, then A;,^^ ^ A^.f in || ■ ||, because ||^||2 < to(supp(^)) ||^|| 



(here m is the left Haar measure on G), and hence, by Lemma 4.1, A^ ^ — + Ab^^ in || • ||oo, so Af, ^ —> ^bt^ 
in II . II2 and || • ||. 

Proposition 4.2. Let S L'^{B). Then the map B LP'{B), given by b \ — > Af,^, is continuous. 

Proof. Let us fix 6 G B, and let bj -^binB. Given e > 0, let S Cc[B) such that ||^ — Cell < and let 
jo such that ||6j||, ||6|| < c, Vj > jo and some constant c. Then, if j > jo: 

IIAfc^e - A.^ll < ||5,|| 11^ - e.ll + IIAfc^Ce - Ab^.ll + ll&ll \\L - ell < 2ce + HA.^.^, - A^U- 
It follows that limsupj WA^^i - A^^W < 2ce, Ve > 0, and therefore At-S, A^^ in || ■ ||. □ 

Definition 4.3. (cf. ]l3| j The representation A : B ^ C(^L^{B)) defined above is called the regular 
representation of the Fell bundle B. That is, Ab, is the unique continuous extension to all of L^{B) of 
the map Cc{B) -> Cc{B) such that, if ( e Gc{B),t e G, then Ab^{C)l = bs^i^'^t)- 

Theorem 4.4. (cf. [|l3jj There exists a unique non-degenerate representation A : L^{B) — > C(^L^{B)^ , 
given by f ^ Aj, where AjiO = / * e, V/ £ C^B) C L\B), C £ CdB) C L^{B). 



Proof. Proposition L2 tells us that A : B ~^ C(^L^{B)) is a Frechet representation, in the sense of VIII- 
8.2 of 10. So we may apply VIII-11.3 of ||lj|, and conclude that A is integrable. That is, there exists a 
representation A : CaiB) B{L^{B)) such that ip{Af) = ip{Af^s))ds, V/ £ Cc{B), if £ B{L^{B))' . 
Moreover, A is unique. We set A/ — Af(^s)ds. 

We want to see that V/ £ Cc{B), it is A/ £ C{L'^{B)). Now, for ^,77 £ L'^{B), we have that 
(e, A/(77)) = A/(,)(77))ds. In particular, since /*(s) = ^{3"^) f {s~^)* , 

{^,Af,{^))= [ (e,AA(.-i)/(.-i).(r/))ds= / A(,s-i)(A(s)(A/(,)(e),ry))d,s = (AKC),^)- 

JG JG 

Thus AJ. = A/., and therefore A/ £ C[L^{B)). Moreover, the representation A : Cc{B) C[L'^{B)) is 
continuous in the norm || • ||i: m,Af{7^))\\ < U\\ \\^mv\\dt < ||/(0|| H^H \\v\\dt = ||/||i H^ll Wvl 
It follows that ||A/|| < ll/lli, and hence we may extend A by continuity to a representation of L^{B). 
This representation is non-degenerate, because Cc{B) * Cc{B) is dense in Cc{B) in the inductive limit 
topology, and therefore also in L^{B). □ 
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Definition 4.5. (cf. [|l3|j The representation A : L^{B) ~* C(^L'^{B)) defined in Theorem 4-4 is called 



the regular representation of L^iB), and C*{B) :— A(^L^{B)^ C C{LP'{B)^ is called the reduced C* - 
algebra of B. If Ba is the Fell bundle associated with a partial action a of G on a C* -algebra A, then 
its reduced C* -algebra is called the reduced crossed product of A by a, and it is denoted by A yia.r G. 

Remark 4.6. It is shown in that if a is a global action of G on A, then the usual reduced crossed 
product agrees with the one defined in 4^ (see also ||l^, 3.8). Moreover, the authors show that if tt : i3 



B{H) is a non-degenerate representation of B and if ttx is the representation tt\ : B ^ B (^L?{G, H)), 
given by TT\{bt) = Xt<^Tr{bt), where A is the left regular representation of G on L'^{G), then the integrated 
representation of nx defines a representation of C*{B), that factors through G*{B). In addition, if 7r|^ 

is faithful, we have that C*{B) = irxi^C* {B)^ (2.15 of ||l3|). Note that if tt is a degenerate representation, 
the result is also true, because in this case tt = p © 0, the direct sum of the non degenerate part of tt 
with a zero representation, and therefore 'nx — p\ ® 0. 



Let us recall the definition of amenable Fell bundle (|10 , |13t): 

Definition 4.7. The regular representation A induces a representation of C*{B), also called regular 
and denoted by A. When A : G*{B) C*{B) is an isomorphism, we say that B is amenable. If Ba is 
the Fell bundle associated with the partial action a, we say that a is amenable when Ba is amenable. 

Definition 4.8. If B = {Bt)teG is a Banach bundle over the Hausdorjf space G (or a Fell bundle over 
G), we say that A ^ B is a sub-Banach bundle of B (respectively: a sub-Fell bundle of B) if it is a 
Banach (respectively: Fell) bundle over G with the structure inherited from B. 

Proposition 4.9. If A is a sub-Fell bundle of B, then C*{A) C G*{B). More precisely: the closure of 
Gc{A) in C*{B) is naturally isomorphic to C*{A). 

Proof. Let tt : B ^ B{II) be a representation of B on the Hilbert space 7J, such that 7r|^ is faithful. 
Then p := 7r|^ : A B{II) is a representation of A, such that is faithful. Let tt\ : B ^ 

B[L'^{G) (g) H) such that TT\{bt) — At(X)7r(6f), where A : G B[L'^{G)) is the left regular representation 
of G; that is: £ L^(G), \t{0\s = Similarly, define px : A B {L^ (G) <S) H) . It is clear 

that p\ — ttaI^. Integrating nx and px, we obtain representations of C*{B) and G*{A), which we 
also call nx and px respectively, and it is clear again that Pa|^i^^-) agrees with ""aI^ij-^-)- Now, by 



2.15 of [|l^ (see also the end of Remark 4^), we have isomorphisms nx : C*{B) nx{C*{B))^ and 
px : C*{A) px{L^{A)) = C*,{A). Therefore, nj^^px : C;{A) CjjA) C C;{B) is an isomorphism. 
Thus, C;{A) is naturally identified with Cc{A) in G;{B). □ 



Remark 4.10. When G is a discrete group, there is a shorter proof of 4.9, because in this case the 



reduced cross sectional algebra is characterized in terms of conditional expectations ([|lO[). 

Definition 4.11. Let A — {At)t£G o,nd B = {Bt)teG be Banach bundles. A homomorphism (f> : A B 
is a continuous map such that (f>{At) C Bt, and : At Bt is linear and bounded, Vi £ G. If A and 
B are Fell bundles, we also require that: (t>{xy) — (f){x)(f){y), (j){x*) — 4'{x)* , ^x,y G A. 

Remark 4.12. Let cj) : A ^ B he sl homomorphism. If / G L^{A}, we have that : G ^ B such 

that (/>^(/)(i) = (j^ifit)) is in L^^B), and ||</'^(/)||i < ||/||i. On the other hand, it is clear that (j)^ is a 
homomorphism of Banach *-algebras, and therefore it extends to a homomorphism C*{(f>) : C*{A) — > 
C*{B). This way we obtain a functor from the category of Fell bundles over G to the category of 
G*-algebras. A morphism (f) : a f3 between partial actions induces a homomorphism : Ba Bf3 
between the corresponding Fell bundles, given by (j)(^{t,at)) = (t,4>{at)). Thus we have a functor from 
the category of partial actions to the category of G*-algebras. 
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4.2. Morita equivalence between the reduced crossed products. 



Definition 4.13. If B ^ (Bt)teG ^•s o. Fell bundle, we say that a sub-Banach bundle A of B (4-6) is a 
right ideal of B if AB C A, and that it is a left ideal if BA C A; A is said to be an ideal of B if it is 
both a right and a left ideal of B. 

Consider a Fell bundle B — {Bt)teG- If -R is a right ideal of B^, and we define Rt spanRBt, 'it G G, 
we obtain a right ideal TZ = {Rt)teG of B. In a similar way we may use left ideals of B^. to define left 
ideals of B. If / < Be, then I = {It)t£Gi where It = /-Bt, is a right ideal of B, but in general not an 
ideal. For this it is necessary and sufficient that / is a B-invariant ideal of Be, that is, IBt = Btl, 
yt E G. Conversely, if Z = {It)teG is a given ideal of B, and / = /e, then / is a i3-invariant ideal of Be- 
Moreover, these correspondences establish an inclusion-preserving bijection between S-invariant ideals 
of Be and ideals of B. 

Let V be a local base of precompact and symmetric neighborhoods of the unit e G G, directed by the 
relation: V > V <;=5> V C V' . Then there exists an approximate unit {fv)vev of L^{G) contained in 
Ce{G), and such that supp(/y) <^V, fv> 0, and fv{s)ds = 1, G V. 

Lemma 4.14. Let B — {Bt)teG &e a Fell bundle, b : G x G B a compactly supported continuous 
function such that b{r,s) G Bg, V(r, s) E G x G. Let {fv)vev be an approximate unit of L^{G) as 
described just above, and define, for each pair {V,r) G V x G, the function by.r '■ G B, such that 
bv.rit) — Jq fvif^^ s)b{s,t)ds. Then: 

1. bv.r e Ce{B), Vy G V, r G G. 

2. \miv bv.r ~ br in the inductive limit topology, where br : G B is given by br{s) — b{r, s). 

Proof. The function fi: GxGxG^B such that (r, t, s) i — > fvir"^ s)b{s, t) is continuous and /i(r, t, s) G 
Bs, Vr, s, i G G. So by 11-15.19, the function GxG^B given by (r, t) i — > fv{r-'^ s)h{s, t)ds is 
continuous. In particular, by.r is continuous, and thus 1. is proved. 

As for 2., let Ki, K2 C G be compact sets such that supp(5) C Ki x K2- Since the function 
b is continuous, each br '. G ^ B \s & continuous section with supp(6r) C K2, so we have a function 
G Cc{B) defined by r ^ br, that is supported in Ki, and that is continuous. In fact, let tq G G. Since 
the function G x G ^ M that maps (r, s) into ||6(ro, s) — b{r, s)\\ is continuous and equal to zero in every 
(ro, s), for s G K2, there exist open neighborhoods Us of tq, K of s, such that ||fe(ro, s') — 6(r, s')\\ < e, 
ir G Us, s' E Vs- Since the Vs cover the compact set K2, there exists a finite subcovering Vs-^ , ■ ■ ■ , T4„ 
of K2. Let U = nr=i ^s. and pick r e U, s £ G. Then either s ^ ^^2, and then 6r(s) = Vr G G, or 
s G if2, and therefore s G Vs- for some z. In this case, (r, s) G f/s^ xVs^, and hence ||6ro(s) — 6r(s)|| < e, so 
ll^ro — br\\oo < e- It follows that r 1 — > br is continuous, and hence uniformly continuous, because it has 
compact support. Thus, for any e > 0, there exists Vq e V such that if r^^s G Vb, then \\br — bs\\oo < £• 
So we have, for any V G V such that V > Vq, and for all t: 

\\{br ~ bv.rmW = \\ f fv{r-^s){b{r,t)-b{s,t))ds\\< f fv{r-^ smr,t) ^ b{s,t)\\ds < e 

JG JV 

Therefore, since supp(6r), supp(6y^r) ^ K2 and ||t'r — &v.r ||oo < e, iV > Vo, it follows that limy bv,r — &r 
in the inductive limit topology, \fr £ G. □ 



Theorem 4.15. Let B = (BAteG be a Fell bundle, £ = {Et)teG « right ideal of B H-IS ), and A 
{At)teG o, sub-Fell bundle {4_^)of B contained in £. If AS C £ and ££* C A, we have: 

1. L\A) * L\£) C L\£) 

2. L\£)*L\B) C L^£). 

3. L\£)*L\£)* = L^A) 

4. //span(Btn^*^) is dense inBt,\/t£G, then s^L^ {£)* * L^ {£) ^ L^ {B) . 
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Proof. It is straightforward to check that Cc{A) * Cc{£) C Cc{S) and Cc{£) * Cc{B) C Cc{£), and from 
these facts the two first inclusions follow easily. Let us prove the third assertion. Since ^ C f C we 
have isometric inclusions L^{A) C ^^(f) C L^{B). L^{A) is a sub-*-Banach algebra with approximate 
unit of L^{B), and it is contained in the right ideal L^{£) of L^{B). Thus, by 1. and the Cohen-Hewitt 
theorem, L^{A) = L^iA) * L^{A)* C L^{S) * L^(£)*. On the other hand, if ?7 G Cc{£), t e G: 

(^9,r^*[t)^ ( ^{s)ri*{s-H)ds ^ [ £_{s)A{t-^s)r]{t-h)*ds ^ [ A{t-h)^{s)r]{t-^s)*ds e At, 

Jg JG JG 

because S,{s)r]{t^^ s)* e EsE*_-,^ e Af]Bt = At, Ws,t £ G. It follows that ^ * 77* e CdA), and hence 
that L^i£)*L\£)* C L^A). 

Consider now r/ e Cc{£), t e G. We have: 

r*#)- / r(s)?7(s-4)ds= / A(s"i)C(s-i)*r?(s-4)ds = / A{s-')as-'rv{s-H)ds. 

JG JG JG 



Let {{fv, V)}vev be an approximate unit of L^{G) as in Lemma 4.14. For ^ e Cc{£), F G V, r e G, 
define : G ^ B by £,v.r{s) — A{s^^)fv{r^^s^^)(,{s). Then ^y^^ G C'cl^^), and we have: 

Cv,r*v{t)= [ A{s-')A{s)fv{r-'s)as-'rv{s~h)ds= [ fv{r-h)Q,^{s,t)ds, 

JG JG 

where : G x G ^ B is such that Q^^{s,t) — ^{s^^)*i]{s^^t). Note t hat C f .n is continuous of compact 



support: supp(C5_,,) C (supp(f)) x (supp(^)) supp(?7). By Lemma [4.14| , we see that limy =¥ rj = 
C(,,rj,r in the inductive limit topology Gc{B), and hence also in L^{B). So, we have that (spanL^(f )* * 
L\£))^Cc{B) D Z, where Z = span{Ce,^,. : C,?/ G C,{£), r € G}. 

To see that WpaSL^ {£)* (£) = L^{B), it is sufficient to see that Z is dense in Cc{B) in the inductive 
limit topology. By 11-14. 6 of ||lj], for this is enough to verify that: (a) Z{t) is dense in Bt,yt £ G, where 
Z{t) = {C{t) : C G Z} and (b) if 5 : G ^ C is continuous, then gC G Z, VC G Z. 

(a) We have: D {Cc,^,r ■ ^ Cc{£),r e G} = U(r-i)*ry(r-H) : C,?/ G Gc(f),r e G}. Therefore, 
Z{t) 3 spaii{-E*_ii?r-it : r e G} = span(i3t p| £*£) = Bt by the hypothesis in 4. 

(b) Let (7 : G ^ C be a continuous function, ^, rj £ Cc{£), r,t G G. Defining g'' : G C as 
g^{s) = g{rs) we have: (<?C5,r,,r)(t) = 5(i)C(r--')*77(^"'<) = ^r-'r 9^^ {r-'t)7^ir-H) = Cc.s-'j.rW- Since 
C(,;g^v-r G Gc(f ), we conclude that Q^grn,r G closing the proof. □ 



Corollary 4.16. Let B — (Bt)teG be a Fell bundle, £ — {Et)teG 1 right ideal of B, and A — {At)teG 
a sub-Fell bundle of B contained in £. If A£ C £ and ££* C A, we have that C*{A) is a hereditary 
sub-C* -algebra of C*{B), and i/span P|f *£) is dense in Bt, for each t E G, then C*{A) and G*{B) 
are Morita equivalent via the right ideal C*{£) := Cc{£) G C*{B) of C*{B). 



Proof. By O, C*{A) is naturally isomorphic to the closure of Cc[A) in C*{B). By 4.15 2., L^[£) is a 



right ideal of L^{B), and hence its closure C*{£) in C*{B) is a right ideal of C*{B). Now, it follows from 
3. of that C;{A) = C;{£)G;{£)*, and therefore C;{A) is a hereditary sub-G*-algebra of C;{B). 
Finally, the last assertion follows immediately from 4. of 4.15. □ 



Corollary 4.17. Let B = (Bt)teG be a Fell bundle, £ — {Et)teG « right ideal of B, and A = {At)teG a 
sub-Fell bundle of B contained in £. If A£ C £ and ££* C A, and i/ span (_Bt p| is dense in Bt, 
for all t £ G, then B is amenable whenever A is amenable. 

Proof. Suppose that A is amenable, and let || • ||max be the norm on C*{B) and || • the norm on 
G;{B). The closure of C^A) in C;{B) is C;{A), by Proposition We also have that the closure of 
Cc{A) in C*{B) is C*{A) = G*{A), because any representation of L^{B) induces a representation of 
L^{A) by restriction, and therefore the norm of C*{A) is greater or equal to \\ ■ ||max- The amenability 
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of A implies that these two norms are equal. Let ^ £ Cc{£)- Since C*{A) ~ C*{A) by assumption, and 



C * r G CciA) by we have: 

ml = iir * eii. = lie * r ii. = iic * riima. = iir * eiimax = iief 



max ' 



and therefore \\^\\r — Hellmax- Then, the completions of Cc{£) with respect to || • ||max and || • ||r agree. 
Let us denote this completion by E. We have that is a full Hilbert module over both C*{B) and 
C*{B), and hence C*{B) = C;{B). This shows that B is amenable. □ 

Theorem 4.18. Let (3 be a continuous action of G on a C* -algebra B , I <] B , a ^ (3\^. Then I yia,rG 
is a hereditary sub-G* -algebra of B xi^ ^.G. //, in addition, [/3(/)] is dense in B, i.e. (3 is the enveloping 
action of a, then I 'Aa,rG and B ><ip,rG are Morita equivalent. 

Proof. Let Bp = {Bt)t£G be the Fell bundle associated with /3, Ba = {At)teG the Fell bundle associated 
with a, and £ = {Et)teG: where Et = {{t,x) £ Bp : x £ I}. It is clear that Ba Q £ Q Bp as Banach 
bundles, and that Ba is a sub-Fell bundle of Bp. Moreover, if (r, Or) S A^, {s,Xs) £ E^, {t,yt) & Et, 
(u, bu) £ Bu, we have: 

• {r,ar){s,Xs) ~ {rs,ar{ar-i{ar)xs)) G Ers, because ar{ar-i{ar)xs) G /. Therefore: Ba£ C £ 

• {s,Xs){t,yt)* = is,Xs){t-^,f}t-i{yt)) = {st~^,Xsf3st-^{yt)) G At-^, because Xsfi^t-^iyt)) belongs 
to If]/3gt-i{r) = D^t-i. Consequently, ££* C Ba- 

• {s, Xs){u,bu) = {su, Xsl3s{bu)) G Eu because / is an ideal and Xs S /. Thus, £Bp C £. 

Thus, we may apply Corollary 4.16| , concluding that / G — G*{Ba) is a hereditary sub-C*-algebra 



oiC*{Bp) = B>ip,r G. 

Suppose now that f3 is the enveloping action of a, that is, [/?(/)] is dense in B. To see that / yia.r 
G ~ B yip r G, it is sufficient to show that span (^£* £ f] Bt) is dense in Bt, for all t E G. Now: 
is,x,)*{t,yt) = {s-\f3,-iix*)){t,yt) = {s-H, (3,-i{xlyt)). Therefore svan{£*£^Bt) = {{t, (3,{x'y')) : 
V E G, x' ,y' E I}. By the Cohen -Hewitt theorem, every z E I may be written in the form z — x'y' , for 
some x' ,y' E I. So the set above is exactly {t} x [/?(/)], which is dense in Bt. □ 



Corollary 4.19. If (3 is the enveloping action of an amenable partial action a (i/i), then (3 is amenable 
as well. 



Proof. It follows immediately from 4.17. □ 



4.3. An application: dilations of partial representations. Closing this section, we apply our 
results to show that any partial representation of an amenable discrete group may be dilated to a 
unitary representation of the group. Recall from that a partial representation of a discrete group G 
on the Hilbert space _ff is a map u : G —>■ B{H) such that, for t,s E G: (i) = idn', (ii) Ut-i = u^; 
(iii) UgUtUt-i — UstUt-i. The conditions above imply that ut is a partial isometry, and also that 
Ug-iUsUt = Ug-iUat, Vs, t E G. The partial representations of G are in one to one correspondence with 
the non-degenerate representations of its partial C*-algebra C*{G), which is constructed as follows. 
Let Xt — {lo E 2'^ : e,t E lo} with the product topology, and at : Xt-i Xt such that at(w) = tu), 
Vw E Xt-i. Then a is a partial action on X := X^, and C*{G) is defined to be the corresponding 
crossed product C{X) Xq G, where we are also denoting by a the partial action induced on G{X). 

Proposition 4.20. Let G be a discrete amenable group, and u : G ^ B{H) a partial representation. 
Then there exist a Hilbert space H^, which contains H as a Hilbert subspace, and a unitary representation 

: G ^ B(H^), such that ut ~ Puti, Vt E G, where P : H^ H is the orthogonal projection of 
on H , and i : H ^ is the natural inclusion. In particular, the partial representations of a discrete 
amenable group are positive definite maps. 



ENVELOPING ACTIONS AND TAKAI DUALITY 



15 



Proof. Let a be the partial action described before. Since G is amenable, we have that C*{G) = 
C{X) Xq.,. G. First of all, note that a has an enveloping action acting on = 2*^ \ {0}, and given by 
the same formula as a. Let Ba be the Fell bundle over G associated with a, It the characteristic function 
of Xt and, if at E C{Xt), let atSt G Cc{Ba) be defined as at5t{s) = St.sO-t, where St.s is the Kronecker 
symbol. By 6.5 of u defines a unique non-degenerate representati on ttu : G*{G) B{H), such 



that 7r„(lt(5t) = ut, £ G. In particular, 7r„(le5e) — idn- By Theorem 4.18 , we have that G*{G) is a 
hereditary sub-C*- algebra of C{X^) x^e G, which is equal to G{X^) xi^e G because of the amenability 
of G. Moreover, G*{G) is Morita equivalent to C(X^) x^e G. Therefore, there exist a Hilbert space 
and a non-degenerate representation tt^ : C{Xq) x^e G B{H^), such that H is a. Hilbert subspace of 
and 7r„ is the compression of vr^ to H, i.e.: tTu{x) = PTi^{x)i, Vx E C1{G), where P : H is the 

orthogonal projection and i = P* : H ^ is the natural inclusion XL7.6). 

Now, TT^j = (ff y. u^, for some covariant representation (0^, u^) of the dynamical system {G{X^), a^, G); 
in particular, : G B{H^) is a unitary representation of G. 

Note that X is a clopen subset of X^, so Ig G G(X^), and we may compute, in G{X^) XQ,e G: 
(le<5e)(l^t)(le'5e) = (le^t)(le5e) = = lA. Therefore: 

Ut = ^n(l*<50 = P<(lt50|H = P7r^(le<5e)^^(l<5t)^^(le<5e)|^ - PtT^ ( le<5e (le<5e ) | ^ . 

Observe now that 7r^(le(5e) is an orthogonal projection such that P7r^(le(5e) |^ = 7r(le(5e) = ^dH^ and 
hence 7r^(le(5e) is greater or equal to the orthogonal projection Q G B{H^) with image H. Thus, we 
have that: Qn^{le5e) = Q = T^^{ie^e)Q- On the other hand, it is clear that PQ = P, Q = Qi, and 
consequently: 

P^^(le^e) = iPQ)Tr^leSe) = P{Qn%US,)) ^ PQ ^ P, 

It follows that Ut = P7r^(le(5e)uj7r^(le(5e)i = Pu^i. □ 

5. MORITA EQUIVALENCE OF PARTIAL ACTIONS AND MORITA ENVELOPING ACTIONS 

We have seen previously that there exist partial actions on G*-algebras that have no enveloping 
actions. The aim of this section is to introduce a weaker notion of enveloping action, so that any partial 



action has a unique "weak" enveloping action, and Theorem 4.18 is still valid. 

To this end we define and study Morita equivalence of partial actions, and show that the reduced 
crossed products of Morita equivalent partial actions are Morita equivalent. Then we define the so called 
Morita enveloping actions. If a is a partial action, we say that [3 is an enveloping action up to Morita 
equivalence of a, or just a Morita enveloping action of a, if (3 is the envelopi ng ac tion of a par tial a ction 



that is Morita equivalent to a. For this notion we have a result analogous to [4.18| : Proposition |5.17| . The 
investigation of the existence and uniqueness of Morita enveloping actions is postponed until Section ^ 

5.1. Hilbert modules and G*— ternary rings. In the next subsection we will introduce the Morita 
equivalence between partial actions, and to do this it will be convenient to use G*-ternary rings (G*- 
trings for short). It would be possible to use just Hilbert bimodules, but we prefer to view a Hilbert 
module not as a space where a G*-algebra is acting on, but rather as an object that has almost the 
status of a G*-algebra. So, we will quickly see now some basic facts about G*-trings that will be needed 
later. 

Let us suppose that {E, (•, •)) is a full right Hilbert i?-module, and let A — 1C{E) be the corresponding 
G*-algebra of compact operators, that is, the ideal of C{E) generated by {9x,y : x,y £ E}, where 
9x,y{z) = x{y, z)r- Defining (x, y)i = 9x,y, we have that £^ is a full left Hilbert v4-module, and that E is 
an {A — i?)-bimodule that satisfies {x,y)iz — x{y,z)r, ^x,y,z G E; we wiU say that is a full Hilbert 
{A — i?)-bimodule. So, defining (x, y, z) = x{y, z)r, we have a ternary product (•, •, •) on E that relates 
the actions of A and B on E, and also the left and right inner products on E. The object [E, (•, •, •)) is 
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a C*-tring, and determines the pairs {A, (•, •)/) and {B, (•, ■)r) up to isomorphisms. This fact was proved 
in ll^, where the notion of C*-tring was introduced. Let us recall the exact definitions. 

Definition 5.1. A *-ternary ring is a complex linear space E with a transformation ^:Ey.ExE^E, 
called ternary product on E, such that fj, is linear in the odd variables and conjugate linear in the second 
one, and such that: fi(^iJ.{x,y, z),u,v'j = ii(^x, iJ,{u, z,y),v) = fj,{^x,y,iJ,{z,u,v)), \/x,y,z,u,v £ E. A 
homomorphism 4> '■ {E, /i) — > (F, v) of *-ternary rings is a linear transformation from E to F such that 
V [(j){x) , (f>{y) , (j){z)) = (j)[iJ.{x,y, z)) , \/x,y, z E. We will write {x , y , z) instead of iJ,{x , y , z) . 

A C* -norm on a *-ternary ring E is a norm such that \\{x,y, z)\\ < \\x\\ \\y\\ \\z\\ and ||(x, a;, a;)|| — \\x\\'^, 
Vx, y, z G E. We then say that (E, || • ||) is a pre-C* -tring, and that it is a C* -tring if it is complete. 

A representation of a ^-ternary ring {E,fi) on the Hilbert spaces H and K is a homomorphism 
n : E ^ B(H, K), where in the last space we consider the ternary product given by (R, S, T) = RS*T . 
Tr{E) is called a ternary ring of operators, or just TRO. 

C*-trings and TRO's were studied by Zettl in He proved that every C*-tring {E,fj,) may 

be uniquely decomposed as a direct sum E — E^ © E^ , where and (i?^,— are 

isomorphic to closed TRO's. We will say that a C*-tring E is positive ii E = By a result of Zettl's 
([^, 3.2), positive C*-trings correspond exactly to full Hilbert bimodulcs, that is, there exist, up to 
isomorphisms, unique pairs {E'-, (•, •);) and {E^ , (•, ■)r) such that £^ is a full Hilbert {E'- — £"")-bimodule, 
and (x, y)iz = ^{x, y, z) = x{y, z)r, Vx, y,z e E. 



Proposition 5.2. Let t: : E ^ F be a homomorphism of *-ternary rings (5.1), where E and F are 
C* -trings. Then tt is a contraction, and there exists a unique homomorphism : E^ — > F^ such that 
Tr^{{x, y)r) — {■n{x),iT(y))r, Vx,?/ G E. Consequently, we have that 7r(x6) — 7r(x)7r''(6), ^x E E, b G E^ . 
If TT is injective (surjective, an isomorphism) , then tt is isometric, and tt'' is injective (respectively 
surjective, an isomorphism). 

Proof. If tt'" exists, it must be ■n^{{x,y)r) — (7r(x), 7r(y)}r, Vx,?/ G E. Therefore we must see that 
Y^ii^i^Vilr = implies that Y,M{xi)^'^{yi))r = 0. Now, if Y.i{^i^yi)r = 0: 

(^(7r(x,),7r(yj)}.r)*(^(7r(xj),7r(yj)}^) = ^(7r(y,), 7r(xj ^(xj, 2/^}^))^ = 0. 

« j i j 

Thus, we have a homomorphism of *-algebras tt'" : span(£^,i?}r F^. Since span(i?, is a dense 
*-ideal of then n"^ has a unique extension to a homomorphism tt*" : i?'*" F"^ (P^l' VI-19.11). 

Now, if X G E': ||7r(x)p — ||(7r(x), 7r(x))r|| — ||7r''((x, x}r) || < ||(x,x}r|| = ||x|p7and hence tt is a 
contraction. In particular, tt is continuous, and therefore ■n{xb) ~ 7r(x)7r'"(6), Vx G i?, G E^ , because 
this is true for each b G span(£^, iJ)^, a dense subset of 

If TT is surjective, it is clear that so is tt''. Suppose that tt is injective, and let b G kerTr''. Then 
7r(x6) = 0, Vx G E, and hence xb = 0, Vx G E, and therefore span(i?, E)rb = 0. It follows that 
E'''b ~ 0, and hence that 6 = 0. Consequently tt*" is injective, and therefore isometric. Thus: ||7r(x)|p = 
|(7r(x),7r(x))r|| = ||7r'"((x,x)r)|| — ||(x,x)r|| — ||x|p, SO TT is isometric. □ 



Zettl's results together with Proposition |5.2| imply that, up to the fact that E^ is determined up to 
isomorphisms, we have a functor E \ — > E^, {E ^ F) i — > (E^ ^ F^) from the category of C*-trings to 
the category of C*-algebras. Of course, we have a left version of this fact. 

Definition 5.3. Let E be a C* -tring, and F C E a closed subspace. We say that F is an ideal of E iff 
{E,E,F) C F and {F,E,E) C F). We write F <\ E to indicate that F is an ideal of E and I{E) to 
denote the set of ideals of E. 

It is not hard to see that F <l E iS {E, F, E) C F. Let us suppose that £^ is a positive C*-tring, so 
that E \s a. full Hilbert (S' — £''")bimodule. Then it is easy to see that F is an ideal of iff F is a 
closed sub-(i?' — i?'')-bimodule of E. Therefore, rephrasing a well known result in our context, we have 
(see for instance [p6i, 3.22): 
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Proposition 5.4. Let E be a positive C*-tring. Then the correspondence F i — > = spaii{F, F)r is 
a lattice isomorphism between 1{E) and I{E^), with inverse I i — > EI. Similarly, the correspondence 
F < — > = spaS(i^, F)i is a lattice isomorphism between X{E) and I{E^), with inverse J i — > JE. 
Consequently, there is a lattice isomorphism, called the Rieffel correspondence, R : I{E'^) I{E^), such 
that R(/) = span(£'/, EI)i; its inverse is R : liE^) I{E^) given by R( J) = span( Ji?, JE)r- 

Corollary 5.5. Let tt : E ^ F be a homomorphism of *-ternary rings between C* -trings E and F. 
Then (ker(7r)) ~ ker(7r''). In particular, it is injective iff is injective. 

5.2. Morita equivalent partial actions. 

Definition 5.6. Let E be a positive C* -tring and a — {{E{\teGi {cktltec) o, set theoretic partial action 
on E , where Et <\ E , and at : E^-i Ft is an isomorphism of C* -trings, Vt S G. We say that a is a 



partial action of G on E if {Et\t<^Q is a continuous family (3.1) and, if £ ^ = {{t,x) : x G Et-i} C 



G X E with the product topology, then the map £ — > E' such that {t,x) i — > OLt{x) is continuous. 

Proposition 5.7. Let a = ({-EtltgCi {cttltec) partial action of the discrete group G on the G* - 
tring E, and consider the pairs: (J" = ({iStltgG, {aJltgc) o^'^.d = {{El}t£G, {<^t}t£G)- Then a' is a 
partial action of G on E^ , and is a partial action of G on E"^ . 



Proof. By Roland KJ, El <\ E^ , a[ : i?r_i El is an isomorphism, G G, and = ids'-- It 



follows from bA that, since ast is an extension of asQ.t, then is an extension of [agatY . Now, 
the domain of Ugat is -Ej-i P| -Et-i^-i , and a^ckt : -E^-i f] -Et-i^-i — > Et^^Egt is an isomorph ism . By 
the domain of {asdtY is El_i p|i?^_ig_i. Since a is a partial action, we also have by 5^ that 



a[(£^[_i Pi — Elf]El^. It follows that the domain of a^a^ is p| £^[_i^_i , and hence that 
a^a^ = (asatY . Therefore, a^j is an extension of a^a^. □ 

Remark 5.8. It is clear that any partial action 7 on a C* -tring E is also a partial action on E*, the 
adjoint C*-tring of E (By E* we mean the C*-tring naturally associated to the adjoint bimodule of the 
Hilbert i?''-module E). Let 7 denote this partial action. Then it is easy to see that (7*)' = 7*", and 

i^Y^i'- 

Example 5.9. If £' is a right ideal of a C*-algebra A, where G acts by an action f3, then a := f3\ ^ is a 
partial action on E, and we have that a*" = B\ ^ and a' = B\ . 

' ' IspanE'E^ ' IspanEE" 



Definition 5.10. Let a = ({^t}teG: {o^tliec) o'^'^ /? — {{Bt}teGj {Pt}teG) be partial actions of G on 
the C* -algebras A and B respectively. We say that a is Morita equivalent to (3 if there exists a partial 
action 7 = {{Et}t£Gi {lt}teG) on a positive G* -tring E, such that 7' = a, and 7'' — (3. We will denote 
this relation by a ^ (3. 



Remark 5.11. In Combes defined Morita equivalence of actions. When in Definition 5.10 a and (3 
are global actions, 7 must also be a global action, and therefore our definition of Morita equivalence 
agrees with his in this case. Note that, in fact, a, (3 and 7 are global actions if and only if one of them 
is a global action. 

Lemma 5.12. Let E be a C* -tring and A = E"^ . If {Dt\teG is a continuous family of ideals in A, and 
Ft :— EDf, Vt G G, then {Et}ti£G is a continuous family of ideals in F. 

Proof Let U C F be an open set, = {s G G : U n Es 0}, and t G Gu- Consider x e U n Ft. By 
Cohen-Hewitt, x — ya, for some y ^ E, and a E Dt- Since the action of ^ on is continuous, there 
exist open sets V C F and W C A, such that y e V, a e W, and VW C U. Now, a e W Ci Dt, and 
since {Ds}s^g is continuous, the set Gw = {s G G : W H Dg ^ 9} is open and contains t. For each 
s G Gw take Os € W H Ds- Then xa^ e EsD VW C F, so t e Gw Q Gu, and hence Gu is open. □ 
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We will see next that Morita equivalence of partial actions is an equivalence relation. Recall that 
if E is a {A — i?)-Hilbert bimodule and F is a. {B — C)-Hilbert bimodule, their inner tensor product 
is the {A — C)-Hilbert bimodule E^^F constructed as follows: let EQF their algebraic tensor 
product, and consider on EQF the unique C-sesquilinear map (•, •)^ such that {xi 0j/i,X2 ©2/2) = 
(yi, {xi,X2)By2)c, where (•, •)c is the C-inner product on F, and (•, ■)b is the B-inner product on E. 
This sesquilinear map is a semi-inner product, that defines an inner product on the quotient {E Q F) /N , 
where N = {z e EQF : (z, z)^ = 0} = span{x6 Qy-xQby. x e E,y e F,b e B j. Then, E Qg F is 
the completion of {EQF)/N with respect to this inner product (see for instance for details). We 
will denote hy x the projection oixOyonEQ^F. 

Lemma 5.13. Let fii : Ei Fi he C*-trings homomorphisms for i = 1,2. Suppose that A, B and 
C are C* -algebras such that E\,F[ <\ A, i?2,^"2 ^ '^^'^ -^1 — E2 <\ B . Suppose, moreover, that 
Ml — M2- Then there exists a unique homomorphism of C*-trings ^i®b (J-i ■ EiQgE2 FiQgF2 
such that {fj,i iS>B IJ-2){xi (X) X2) = Hi{xi) €5 fJ,2ix2), Vxi e Ei, X2 G E2- If Hi and ^2 are isomorphisms, 
then Hi ®b M2 olso is an isomorphism. Moreover, we have that (/ii ®b H^Y = Hi, o,nd (/ii (^b H2Y = H2- 

Proof. Let /ii /i2 : EiQ E2 ^ FiQ F2 be the unique linear transformation such that xi X2 ' — > 
Mi(a;i) H2ix2), Vxi G Ei, X2 G £'2; it is a homomorphism of *-ternary rings. Let (•,•) and [•,•] be 
the corresponding C-pre-inner products on Ei Q E2 and Fi Q F2 respectively. Pick z, z' e EiQ E2, 
2 = T,tXtQyz, z' = T,j^'jQyj- Since [(^i0^2)(2), {hiQH2){z')] = E,;j (M2(y»), AiUi^^i, a^j)!' )M2(2/j))c ' 
fJ-2{{z,z')) Y.i,j{l^2{yi),H2{{xi,x'j)B')H2{y'j))c'^ and Hi = we conclude that [(^1 Q ij,2){z),{hi 
H2){z')] = ^'^((z, z')). By taking z = z' and computing norms, we have: \\{hiQ))h2{z)\\^ = ||/Lt2((-z, z))|| < 
|zp. Thus, Hi H2 factors through the quotient, where it is a contraction, and hence extends by 
continuity to a homomorphism of C*-trings Hi®B H2 ■ EiQgE2 FiQgF2. We have, Vz, z' £ 
EiQbT^2'- [{hi 0s H2){z),{hi 0b H2){z')] = H2{{z ■, z')) , and therefore (^1 0b H2Y = H2- Similarly, 
{Hi 0b H2y — Hi- Finally, if /ii, H2 are isomorphisms, we apply the first part of the proof to the maps 
Hi^ e H2^^ and we note that idsi ^'^£2 = ^d^^ 0^ £3, idp-^ idp^ = idp^ (g,^ p^. □ 

Proposition 5.14. Morita equivalence of partial actions is an equivalence relation. 



Proof. The reflexive and symmetric properties are immediately verified (see Remark 5. 

Suppose now that a = ({^t}, {«*}) is a partial action oi G on A, f3 ~ {{Bt}, {Pt}) is a partial action 
of G on B, and 7 = {{Ct}, {jt}) is a partial action of G on C, such that a ~ /3 through the partial 
action h = {{Et}, {Ht}) of G on the C*-tring E, and /3 " 7 through the partial action v = {{Ft}, {ft}) 
of G on the C*-tring F. Consider the family h®b ^ ■= {{Et Qb T't}, {Ht 0b ^t})- Since Hrs extends 
HrHs and Vrs extends Vr^s, it follows that Hrs 0b i^rs extends {ht 0b i^r){Hs 0b t^s)- It is clear that 
EeQgFe = EQgF, {H®Bi')e^idE^^F- Ou the othcr hand: {EtQ g Ftf = Ct: 
WS^{Et Qb Pt,Et Qb Ft)c - span(Ft, {Et,Et)BFt)c = spMi{Ft, BtFt)c = spMi{Ft,Ft)c = Ct. 
Similarly, {Et^BPtY = At. Finally, by every Ht 0b i^t : E^r^QgEt^^ Et^B^t is an 



isomorphism, and (/if 0b i^tY ^ Ht — '^t, {Ht 0B vtY = vl = 74, so h ®b is a set theoretic partial 
action on EQg F, and {h®b i^Y — o:, {h®b — 7- 

It remains to show that h <S*b ^ continuous. First, note that the family {Ft Qb Et}teG is continuous 
by 5.12| , because 7 is a partial action. Let Qb ~ {(^'■^) • ^ ^ i?t-i Qb T't-^}- Note that if 



/ e Cc{£'^), g e Cc{T-^), then f 0b y- G £-^QgT-^ such that {f(Z)B9){t) ^ {t, f{t) g{t)) is a 
continuous section of the Banach bundle 8^^ Qg and that for each i G G, span{(/ 0b g){t) : / S 
Cc{£-^),g e Cc{T-^)} is dense in {£^^QB^^^)t- On the other hand, the map G ^ G x {EQgF) 
such that t I — > {t,Ht{f{t)) 0i/f(g(t))) is continuous, V/ G Cc{£^^), g £ Cc{J^-^). So we conclude, 
by fill, n-14.6 and 11-13.16, that the application £-^QgT-'^ G x {EQgF) such that {t,x) < — > 
{t, {Ht i^t){x)) is a continuous homomorphism of Banach bundles, and therefore h 0b is a continuous 
partial action. Thus a ~ 7. □ 
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Since ^t{at-iXt-i) = at (of-i )7f (a;t-i ) and 74(0:4-164-1) 



0^ 

to see that it is also Morita equivalent to (3. 



Proposition 5.15. Let a = ({At}teG, {o^tltec) ci'i^d (3 = {{Bt}t£Gi {Pt\teG) &e partial actions of G on 
the C* -algebras A and B respectively. If a and /3 are Morita equivalent, then A >ia^r G ^ B >3p r G. 

Proof. Suppose that a and /3 are Morita equivalent through a partial action 7 = {{Et}, {it})', say 
that 7' = a, and 7'' = /3. Consider the full left Hilbert A-module A^E, where ((oi, ei), (02, 62)) = 
fliflj + (ei, 62);- Then A^ E est ablis hes a Morita equivalence between A and L(i?), the linking algebra 
of E (see [g6| for instance). By 5^, every ideal At corresponds to an ideal R(At) < ^{E), and it is 

easy to see that R{At) ^ \.{Et), Vt e G. Since l.{Et) = and {At), (Et), (E;) and (Bt) are 

continuous families, so it is the family {h{Et))teG- Let us define now L(74) : L,{Et-i ) h{Et) by L(7t) : 

at-i Xt-i\ ^ ^ fat{at-i) it{xt-i)^ 

yt-i bt-i J ' ' \ltiyt-^) Ptibt-i), 
7t(a;t-i)/3t(&(~i), Vxt-i eEt-i,at-i &At-i,bt-i G Bj-i , we have that L(7) = ({L(£;t)}teG, {L(7t)}tGG) 
is a partial action of G on ^{E). We call L(7) the linking partial action of 7. Observe that if 71 is the 

restriction of L(7) to , then j{ = a and 7[ — IL(7). Similarly, it is enough to restrict ]L(7) to 



E* B 

The considerations above show that we may assume that A = pBp, for some projection p e M{B), 
and that a and 7 are the restrictions of (3 to pBp = A and to £' = pB respectively. Let now A and B 
be the Fell bundles corresponding to a and (3 respectively, and let £ — {{t} x Et)teG- We have that 
"4 C f C i3, ^ is a sub-Fell bundle of B, and that f is a sub-Banach bundle of B. On the other hand, 
if {r,ar) e A, {s,Xs), {t,yt) G £, and (u, &„) G S, we have: 

• {r,ar){s,Xs) = {rs,l3r{Pr^{ar)xs)) £ {rs,l3r{Ar-iEs)) e £. 

• {s,Xs)iu,bu) = {su,l3s{l3^^{xs)bu)) £ {su, PsiE^-iBu)) G f. 

• (s,2:^)(i,2/t)* = {s,x,){t-\Pt-^{yt)) = {st~\f3s{Ps-^{xs)f3t-^{yt))), that belongs to 
(si-i,/3,(A,-i n At-i)) C {.st-\ A, n Ast-i) G A 

• {s,Xs)*{t,yt) = (s^\/35-i(x*))(t,2/t) = (s"^i,/3^-i(a;*2/4)). Now, for aU t G G, we have that 
span{/3s-i {x*yt) : s G G, G Es,yt G £^t} = -B*: the left member of this equality contains 
span£'*£'t = spanE*Et 2 spa.iiE fEt = Bt. 

Therefore, we may apply Corollary 4.16, from where we conclude that A yta^r G " B xip G. □ 

This is a good point to introduce the notion of Morita enveloping action. 

Definition 5.16. Let a be a partial action of G on the G* -algebra A. We say that a continuous action 
P of G on a C* -algebra B is a Morita enveloping action of a, if there exists an ideal I <\ B such that 
is dense in B and f3\^. In other words: (3 is the enveloping action of a partial action that is 
Morita equivalent to a. 



We close the section with a result that is similar to Theorem 4.18 



Proposition 5.17. Let {ol,A) be a partial action ofG, and assume that {P,B) is a Morita enveloping 
action of a. Then: A Xq.,- G i? x ^ ^ G. 

Proof. Since Morita equivalence of G*-algebras is transitive, the proof follows immediately by combining 
Proposition ^.15 above with Theorem 4.18, □ 



6. C* -ALGEBRAS OF KERNELS ASSOCIATED WITH A FELL BUNDLE 

In the present section we study two G*-algebras, k{B) and kr{B), that are naturally associated with 
a given Fell bundle B over the group G. Both of them are completions of a certain *-algebra of integral 
operators. The first one is defined by a universal property; the second one is a concrete G*-algebra of 
adjointable operators on a Hilbert module. Indeed, using the results of Section |^ we are able to show 



20 



FERNANDO ABADIE 



that these two C*-algebras actually agree. There is a natural action of the group on k(S). If B is the 
Fell bundle of a partial action, we will see in the following section that this natural action on k(S) is a 
Morita enveloping action of the given partial action. 

Let B = (Bt)teG be a Fell bundle. Consider a continuous function k : G x G ^ B oi compact 
support, such that fc(r, s) £ B^^-i, Vr, s S G. Such a function will be called a kernel of compact support 
associated with B. The linear space of kernels of compact support associated with B will be denoted 
by kc{B) We will see later that any k G kc{B) may be seen as an integral operator, which justifies this 
terminology. 



Proposition 6.1. kc{B) is a normed *-algebra with the involution k*{r,s) — k(s,r)* ,\/k 6 kc{B), the 

1/2 

product ki * k2{r, s) ~ fijki{r, t)k2{t, s)dt, Vfci, ^2 G kc{B), and the norm \\k\\2 — (Jq2 \\k{r, s) jpdrds) 

Proof. Let ly : G X G ^ G he such that ^{r, s) — rs~^, and let Bi, be the retraction of B with respect to 
v n-13.3). Then Bi, is a Banach bundle over G x G, and the fiber of By over (r, s) is (r, s, Bj.g-i), 

which we may naturally identify with Bj.g-i. Therefore, kc{B) — Cc{By) as a linear space. 

Consider now the map jj, : G x G x G By given by ^{t, r, s) = (r, s, ki{r, t)k2{t, s)) . We have that /x 
is continuous and has compact support, and that r, s) G (^iy)(r,s): '^^i r, s G G. Thus, we may apply 
[p^ , 11-15.19, from where we conclude that the map (r, s) i — *■ fj,{t,r, s)dt is a continuous section of 
compact support of By. In other words, fci * ^2 G kc{B). 

As for k*, we have that supp(fc*) is compact, and k*{r, s) — k{s, r)* G -B* _i = B^g-^- Consequently, 
k* G kc{B). Routine computations show that (fci * ^2) *kz — ki* (^2 * fca), (fci * k2)* — k'2* k^, so kc{B) 



is a *-algebra. It is also immediate that ||fc* 



\\kl * fc; 



'2II2 



< 



GJG 



\\ki{r,t)k2{t,s)\\dt 



\k\\2. Finally: 



drds < 



gJg 



\\ki{r,u)\\^du / \\k2{v,s)\\^dv 



G 



drds 



□ 



,{B) is such that = C(^)?7(s)*; 



Proposition 6.2. Let B = {Bt)t£G be a Fell bundle, and consider the action kc{B) x Cc{B) Cc{B) 
given by k • = J^k{r,s)£_{s)ds, Vfc G kc{B), ^ G Gc{B), and r E G. With this action, Cc{B) is a 
{K{B) - Be)-bimodule. Moreover, if (•, •)/ : C^B) x Cc{B) - 
V^,77 G Gc{B), r,s E G, we have: 

1. (Ci,6)/C3 = V6,6,6 e G,{B). 

2. {k ■tv)i^k^ (e, 77)/; Vfc G k,{B), Cc{B). 

3. (C,?7)r-(^.0L. Ve,r/GG,(i^). 

5. {k£„ri)r = {C,k*rj)r, Vfc G kc(fi), G Gc(e), w/iere (■, •)^ : Cc{B) x Cc{B) B^ is the right 
inner product, that is (^,?7)r = Jg ^i^)*''li^)d-s. 

Proof. All these properties are easy to verify. As an example we prove 5., and leave 1.-4. to the reader. 
IffcGk,(fi),C,?7eG,(i3), 



{k£.,v)r = 



G 



k{r, s)S^{s)ds 



rj{r)dr 



^{s)*k{r,s)*T]{r)drds^ / ^{s)*{k*r]){s)ds^{^,k*rj)r 

IGJG JG 



□ 



We define IdB) := spa,ii{GciB), Gc{B))i, where (•,•); is the map defined in |6j. Clearly, IdB) is a 
two-sided *-ideal of kc{B). 

Let E = L^{B), and let [•, •] : E x E ^{E) be the corresponding left inner product (If we think 
of £^ as a positive G*-tring, then 1C{E) is nothing but E^). Note that there is a natural injective 
*-homomorphism Ic{B) ^ IC{E), the only one such that (^,77); = [^,r]], V^,?? G Gc{B). Indeed, if 
k — J2i{^iTVi)i — 0, then fc^ = 0, G Cc{B), and since fc^ — J^Mi^ViK^ and Cc(B) is dense in E, we 
see that YlA^iiVi] = G IC{E). On the other hand, since span[Gc(/B), Gc(;B)] is dense in JC{E), we have 
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that IC{E) is a C*-coinpletion of the *-algebra Ic{l3)- We will sec later that this inelusion extends to an 
inclusion fl : kc{B) C{E) (Theorem jej). 

Note that, as a Banach space, the completion HS{B) of (kc(S), || • II2) agrees with Z^{By) (see Q, 
11-15. 7-15. 9). When B — {Bt)teG is the trivial Fell bundle over G with constant fiber C (that is: 
the Fell bundle associated with the trivial action of G on C), then 2?{Bv) = L'^{G x G) is naturally 
identified with the Hilbert-Schmidt operators on V^iG). Hence we may think of HS{B) as the algebra 
of "Hilbert-Schmidt operators" on L^{B). 

Definition 6.3. The universal C*- algebra of HS{B) will he called the C* -algebra of kernels of the Fell 
bundle B, and will be denoted by \.{B). The closure of Ic{B) in k.[B) will be denoted by I{B). 

6.1. Natural action on the kernels. There is a natural action of G on kc{B): (3 : G x kc{B) — > k.c{B) 
such that /3t(A:)(r, s) — A{t)k{rt, st), where A is the modular function on G. We have: 

Ptiki*k2)\^^^^^^ A{tf J ki{rt,vt)k2ivt,st)dv = J /3t(fci)(r, w)/3t(fc2)(«, = /3t(fci) * /3t(fc2)|(,^,) 

= = =/3t(fc)1(,^,). 

This action may be extended to HS{B) and hence to k{B): doing u ^ rt, v ^ st in the integral below: 

\mk)\\l = f f A{tnk{rt,st)\\'drds^ f f A{t)-'A{t)-'A{tf\\k{u,v)fdudv^\\k\\l. 

JGJG JGJG 



Note that /3 is a continuous action on kc{B) with the inductive limit topology (recall from 6.1 that 
kc{B) = Gc{B,^)), and therefore is continuous on HS{B). Since k{B) is the universal C*-algebra of 
HS{B), /3 also extends to a continuous action on k{B). All these actions will be denoted by /3. 

Lemma 6.4. Let B be a Banach bundle over the locally compact space X. Suppose that O C Gc{X) 
is dense in GdX) in the inductive limit topology, and that F C Cc{B) is a linear subspace such that 
OF C F. Then the closure of F in the inductive limit topology is the space: {g £ Cc{B) : g{x) S 
F(x), Vx G X}. In particular, if F{x) — B^, Va; G X, then F is dense in Cc{B). 

Proof. For x G X, the map Cx ■ Cc{B) —>■ Bx such that / 1 — > fi^) is a continuous linear map in the 
inductive limit topology . Therefore ex{F) C F{x). Conversely, suppose that g G Gc{B) is such that 
g(x) G F{x), Vx G X. Since X is locally compact, there exists a compact subset K oi X whose interior 
contains supp(g). Now, given e > and x £ K, there exists fx & F such that \\g{x) — fx{x)\\ < e. 
Since g, fx and the norm on B are continuous maps, there exists a precompact open neighborhood Vx 
of x, such that \\g{y) — fx{y)\\ < e, Vy G 14. The family {Vx)xgk is an open covering of K, so it has 
a finite subcovering Vx-^, ■ ■ ■ , Vx^- Let {4'j)T be a partition of unity of K subordinated to {Vxj)^ and 
let / = X^Jli i^jfxj- We have that / G Cc{B) and \\g — f\\oo < e. Therefore, it is enough to show that 
f £ F. For this, it is sufficient to show that tpf G F, Mijj G Cc{G) and /' G F. But, since is dense in 
Cc(G), there exists ^' £ Q such that \\ip — ip'Woo < e, for a given £, and hence \\ipf' — V''/'||oo < e||/'||oo. 
Since QF C F, we have that ip' f G F, and therefore ipf G F. □ 

Proposition 6.5. The linear f3~orbit of Ic{B) is dense in kc{B) in the inductive limit topology. 
Proof. Recall that kc{B) — Gc{B^), where Bi^ is the retraction of B with respect to the map v : GxG ^ G 



such that v{r,s) = rs ^. By Lemma 3.4, it suffices to show that, if Z is the linear /3-orbit of Ic{B), 
then: 1. Z{r,s) is dense in B^s-^, Vr, s G G and 2. \/ipi,ipi G Cc{G), and VC G Z, the function 
(r, s) I — y fi{r)i'i{s)C{r, s) belongs to Z. 

1. If G Bj.g-1, by Cohen-Hewitt there exist 61 G Be, ^2 G B^^-i such that 6162 = b. There also 
exist sections ^,77 G Gc{B) such that ^(e) = A(r)6i, r]{sr^^) — h\. Thus we have: /J^-i ((C; 1 s) ^ 
A(r)-i^(rr-i)?7(sr-i)* ^ A{ry^ A{r)bi{bl)* = b. 
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2. Let V?, V e Cc(G), 77 G Ce(i3), r,s,t G G. 

I(r,s) 



If 



G C, let : G — > C be given by 0t(s) 



(/.(si). Then: (y. V) (/?t((e, | r. ,, = vWV'(s)A(t)C(rt)?7(si)* = (^^-i (rt)V't-i (si) A(tK(rt)?7(s<)* 



^t((¥'t-iOt-i?7)OI(r,s)' ^^'^^ therefore (9? ® i/')(/3t((C, ??)/)) ^ ^, because ¥?t-i^, Vt-i?? G Gc(S). □ 

Recall that a Fell bundle B is called saturated if for all r, s G G we have that spanS^Ss is dense in 
Brs- The ideal Ic{B) measures the level of saturation of the bundle: 

Proposition 6.6. B is saturated if and only if 1^(3) is dense in Ikc(S) in the inductive limit topology. 

Proof. First Suppose that B is saturated. If v?, V' G Gc(G), ^, 77 G Cc{B), then {lp®^p){£_, ifji = {ip^, -ipi])! G 
Ic{B). On the other hand, since B is saturated, given a G B^s-^ and e > 0, there exist 61, . . . , bn G Br, 
G Bs, such that ||& - Yl'i=i ^i^* II < ^- Moreover, there exist sections ^1, . . . , 771, . . . , 77„ G 



Gc(B) such that Cj{r) = 

\\b'j::=^ur)m{sr\\ = 

inductive limit topology. 



bj and rij{s) 



Cj, 



Therefore: \\b - 



(r,s) I 



\b — ^i'^iW < ^- It follows from 6^ that Ic{B) is dense in kc{B) in the 

^ B^s-i . Let 



Conversely, assume that B is not saturated: there exist r,s & G such that spani?j.S, 
b G Brs-i be such that 6 ^ spanS^-Bs-i , and let d be the distance from b to spanSr-Bs-i ■ There exists a 
continuous section of compact support of Bi, that takes the value b in (r, s). In other words, there exists 
fc Gkc(i3)suchthatfc(r,s) = 6. Now, if^,,??, G GcjB): \\k-J:^{i^,V^)l\\oo > \\Hr, s)-J:^{i^.V^)lir, s)\\ = 
\\b^ J2i^ii^)v{s)*\\ > d, and therefore k ^ IdB), because d > 0. □ 

6.2. The reduced G*-algebra of kernels of a Fell bundle. Our next goal will be to show that 
the action of kc{B) on Gc{B) extends to all of = L^{B), and, from this that there is an injective 
*-homomorphism : kc{B) ^{E). To do this, wc will need to faithfully represent kc{B) as a *- 
algebra of operators on a Hilbert space, and also to represent i? as a ternary ring of operators. Recall 
that the right regular representation of G on L^{G,H) is p : G x L^{G,H) L^{G,H), such that 
p^(x)\^ = A{ty/'^x{rt), 'ir,t e G, X e L^{G,H), where A is the modular function on G. 

B{H) be a representation of the Fell bundle B on a Hilbert space 



7r(fc(r, s))a;(s)(is 



,M\2 W^IU, o,nd hence Trdk) extends to an operator 
2. Moreover, tt^ : k^B) B{L'^{G,H)) is a bounded 



Proposition 6.7. Let n : B 

H. For k G kc{B), let Tic{k) : Cc{G,H) Cc{G,H) be such that Tic{k)x 
\fx G Gc{G,H). Then we have that ||7rc(fc)x||2 < 
ndk) : L^iG,H) L'^{G,H), with \\TTc{k)\\ < \\k 

representation of the normed *-algebra kc{B) such that nc{Pt{k)) = ptT^cik)pt-i , where p is the right 
regular representation of G. // 7r|^ is faithful, then so is tTc/ if tt is non degenerate, then tTc is 
non-degenerate. 

Proof. Since x G Cc{G,H) and the map B x H ^ H such that {b,h) 1 — > 7r(6)/i is continuous (Q, 
VIII-8.8), we have that the map G x G ^ H such that (r, s) 1 — > 7r(A:(r, s))x{s) is continuous, and since 
it has compact support, we see that r 1 — > n(^k{r, s))x{s)ds is a continuous map of compact support 
from G to H, so in particular it belongs to L^{G, H). On the other hand: 

\\nc{k)x\\l^ f \\\f n{k{r,s))x{s)ds]\\'dr< [ ( [ \\n{k{r, s))\\^ds) ' \\x\\. 



rf^< llfcll'll^^lli 



so ||7rc(fc)|| < ||fc||2- It follows that 7rc(fc) extends to a bounded operator 7rc(fc) : i^(G, iJ) L?{G,H), 
and TTc extends by continuity to a bounded linear map HS{B) — > B{L^{G, i?)) . In addition, 7rc(fci + ^2) = 
T^c{ki)iTc{k2): if a; G Gc{G, H), ki,k2 G kc{B) we have that 



TTc{ki * k2)x\ 



7rc(fci)7rc(fc2)a;| 



fci(r, t)k2(t, s)dt 



x{s)ds = I 7r(fci(r, i)) 

JG 



^{ki{r,s))[TTc{k2)x]{t)dt= / ^(fci(r,t)) 



G 



■K[k2{t, s)')x{s)ds dt 
Tr(^k2{t, s))x{s)ds dt 
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As for the involution, we have that 7Tc{k*) — 7Tc{k)* . In fact, if A; G kc('B), y E Cc{G,H): 
{■nc{k)x,y) = I {'Kc[k)x{r),y{r))dr = / {TT[k{r, s))x{s),y{r))dsdr ^ / {x{s),'!T[k{r, s)*)y{r))dsdr 



(x,TTcik*)y)= / {x{s),TTc{k*)y{s))ds^ {x{s), T:{k*{s,r)*)y{r)dr)ds= / {x{s),T:{k{r, s)*)y{r))dsdr 



G2 



It follows that TTc : kc(^) ^ B(^L^{G,H)) is a bounded representation. 
Now, if fc e kc(B), X e Cc{G,H), t,reG: 

nc{Ptik))x\^^ / 7r(/3t(fc)(r,s))x(s)ds = / A(t)7r(fc(rt, si))a;(s)ds = / 7r{k{rt,u))x{ut-'^)du 
^ Jg Jg Jg 

(pf7rc(fc)/94-i)x|^ = / A(i)^/^7r(fc(rt, u))pt-i(a:)(s)ds = / n{k{rt,u))x{ut~'^)du, 
Jg jg 

and hence TTc{(3t{k)) = pt'Kc{k)pt-i ■ 

Suppose that 7r|^ is faithful. If 7rc(fc) = 0, for k G kc(S), we would have that J^, Tr(^k{r, s))x{s)ds = 

Va; G Cc{G,H). In particular, if (/v)ygv is an approximate unit o f L^{ G) like in |4.14| , and if /i G -ff , 
choosing a;(s) = fv{t^^s)h and taking limit with respect to V, by 4.14 we have that TT(^k{r,t)^h — 0, 
and therefore that 7r(fc(r, s)) = 0, Vr, s G G. Hence tTc is also faithful. 

Finally, let us suppose that tt is non-degenerate, and let y G L^{G,H) such that {TTc{k)x,y) = 0, 
Va; G L^{G,H), k G kc(i3). Then J^{Trcik)x{r),y{r))dr = 0, Vfc G kc(B), Vx G Gc{G,H). Thus 
/g/g(7r(fc(r,s))a;(s),y(r))dsdr 0, Vfc G kc{B), x G Cc{G,H), so (7r(fc(r, s))a;(s), y(r)) = almost 
everywhere in G x G, and therefore y{r) — almost everywhere in G, because {7r(fc(r, s))a;(s) : fc G 
kc{B), {r, s) G G X G,x G Gc(G, iJ)} = iJ. In fact, since tt is non-degenerate, 7r|^ is also non- 
degenerate, and hence, given h ^ H, there exist b G and h' ^ H, such that TT{b)h' = h. Now there 
exist hi, &2 G such that b — 6162; and sections 771, 772 G Gc(S) such that rii{e) = bi, i = 1,2. Define 
k : G X G ^ B such that fc(r, s) = r]i{r)T]2{s)* . It is clear that k G kc(B). Finally, taking x G Cc{G,H) 
such that x(e) = /i' we have: 7r(A;(e, e))a;(e) — n(^r]i{e)r]2{e)*)h' = Tr{bib2)h' — ■n{b)h' = h. Consequently 
ry = in (G, H) , and therefore tTc is non-degenerate. □ 

Lemma 6.8. Let tt : B B{H) be a representation of a Fell bundle B. Then there exists a unique 
representation tt2 '■ L^{B) B(^H, L^{G, H)^ , such that G Cc{B) and h E H we have: 7r2(^)/i|^ = 
7r(^(r))/i. If t^Iq is faithful, then 1:2 also is faithful. 

Proof Let ^ G Cc{B) and h £ H; then: 



^20h\\l = / {n{ar))h,n{ar))h)dr = (vr 



h,h) = {7r{{^,0r)h,h). 



It follows that TT2^ G L^{G,H). On the other hand, since 7r((^,^)r) is a positive operator, the equality 
above implies that ||7r2C|| = MiLOrW^'^- Thus, ||7r2C|| < k||, and ||7r2$|| = if 7r|^ is faithful. It 
follows that we may extend n2 to L?{B), and this extension is an isometry if 7r|^ is faithful. 

An easy computation shows that (7r2^)* is determined by the formula {■K2£,)*x = ^QiT{£,{r)*)x{r)dr G 
H. From this we sec that TT2{0^2{.'n)* ■K2{0 = 7r2(f (77, C)r), & G^B). Indeed, ifhG H,r eG: 

n2{0MvrMC)h\, = 7r{ar)) [ 7r{rj{sr)n2{C)h\/s^ [ 7r(C(r)77(s)*)7r(C(s))/ids 

Jg Jg 

Mi{v,Or)hl ^ 7r{^ir){7^,Or)h = [ n{^{r)rjisras))hds^ [ ^(e(r)77(s)*)7r(C(s)) Ms 

Jg Jg 

Therefore, 1:2 is a homomorphism of positive G*-trings. □ 
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Theorem 6.9. Let -k : B —f B{H) he a representation of the Fell bundle B, and let tTc : Ikc(B) 



B(^L^{G,H)^ and 1^2 '■ L?{B) — > B (^H , {G , H)^ be the representations provided by 6.1 and \6.^ respec- 
tively. Then we have (recall that E = L^(B) ): 

1. For all k £ ^c{B), h e B^, and r] e E: 

(a) ^2(fcO-^c(fc)7r2(0- 

(b) ^c((C,^)0=^2(eV2W* 

(c) M(,b) = 'K2{e}Ah) 

(d) A{^,v)r)=^2{0*^2{v)- 

2. There exists a unique infective *-homomorphism D, : kc{B) — > C{E) such that 

n{k)^\ = / k{r,s)^is)ds, Vfcekc(B) and V( e Cc{B). 

3. For any representation tt : B ^ B[H) such that tt is faithful, there exists an isomorphism 



/i : 7rc(kc(;B)) ^(E) such that the diagram below commutes: 



(B) ^ C{E) 





^c(kc(S)) 

Proof. Let us suppose that 1. is true, and let tt : S — > B{H) be a representation such that 7r| ^ is faithful. 
Then the representation tTc : kc(^) B{^L?{G,H)) extends uniquely to a faithful representation tt : 
k^(;B) ^ i3(L^(G', iJ)) , where k^(S) is the completion of kc(i3) with respect to the norm ||fc||^ = ||7rc(fc)||. 
On the other hand, 1^2 : E ^ B (^H , {G , H)) is an injective homomorphism of C*-trings. Thus 
a : E TT2{E) such that cr(^) = 7r2(^) is an isomorphism of C*-trings. Consequently, the apphcation 
Ada ■ ^{E) C{tt2{E)) such that T 1 — > aTa~^ is an isomorphism of C*-algebras. Now, by l.(a) and 
(d), we have that ir{k) e £{Tr2{E)), and hence Ad-'^{n{k)) e C{E). Moreover, if ^ e Cc{B), k e kc{B): 

Ad-\n,{k)){0 - ia-\,{k)a)^ - rj-i (7r,(fc)^2(C)) = ^^H^sCfcO) - '^"'(^(^0) = 

This shows that the map Cc{B) Cc[B) such that f 1 — > fc^, may be extended by continuity to an 
adjointable operator ri(fc) : E ^ E. This way we have constructed a map VI : kc(S) ^{E). On the 
other hand, if we define /i : 7rc(kc(S)) ^{E) to be the restriction of Ad'^^ to 7rc(kc(/B)), we have 
that: /iTTc = il. Since /i7r : hc{B) — > C{E) is injective, it follows that is injective and that the norm of 
k € kc{B) in k^(Z5) agrees with ||r2(fc)||. This proves 2. and 3. . 

It remains to prove 1. . Let h ^ H, r £ G, x € L^{G, H): 
(a) ^2(fcO-^c(fc)7r2(e): 



{TT2{kO)hl^ / n{k{t,s))^{as))hds= / ^{k{t,s)){n20h\ds^Ti,{k){n20h\ 

JG JG 



T^M,v)i)At^ I ^{m)^Hsr)x{s)ds = n{m) I 7r{r,isr)x{s)ds ^ {7r20in2Vrx\ 



G 



{c)7r2m = ^2(0^(&): = 7r{^bir))h = ^{S,{r)h)h^ 7r(e(r))^(&);^|^ = ^2{0Ah)hl. 

(d)7r((^,77),)=7r2(e)*7r2(r;): 

^2(C)*^2(r/)/i= / ^{i{rY)^2{v)hlds= [ 7r{arr)TT{r^{r))hdr^ [ ^(C(r)*ry(r)) /idr = 7r((C, ry},)/! 

JG JG JG 



□ 
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Definition 6.10. Let B be a Fell bundle, E = Lp'{B), and Q, : kc(Z?) ^{E) the homomorphism defined 
in Theorem \6.^\ above. Let hr{B) :— Vl{kc{B)) C C{E). We will say that 'kr{B) is the reduced C* -algebra 
of kernels of the Fell bundle B. 



Remark 6.11. Note that if tt : S — > B{H) is a representation such that ttI is faithful, then kr{B) = 
k^(S) naturally {'kT^{B) was defined in the proof of 3.£). In particular, by 3.7) the natural action /3 on 
kc(S) extends to kr{B). 

By the universal property of k{B), there exists a natural epimorphism k{B) kr{B), which will be 
also denoted by Q, that is the unique homomorphism such that r2(fc)^|^ = k{r, s)S,{s)ds, Vfc £ kc{B), 
and e Cc{B). This homomorphism is also a G-morphism with respect to the natural action (3. In a 
while we will see that, in fact, this homomorphism is an isomorphism. 



Remark 6.12. Let k G kc{B) and / G Cc{B), and consider h : G x G B such that h{r,t) = 
Jq f{s)k{s^^r,t)ds. Note that h{r,t) G B^t-^, yr,t G G, because for all r,s,t G G, we have that 
/(s)fc(s~V, i) G BsBs-i^t-i C Brt-i- Hence h G kc{B). Now, considering f G G^B) C L'^{B), we have: 
^f^k^l = /G/(s)f^fc(e)(s-V)ds = J^J^f{s)k{s-\t)mdtds = J^h{r,t)mdt - f^h^L- It follows 
that C*{B) C M(kr(Z?)). In particular, any representation oikr{B) defines a representation of G*{B). 



Corollary 6.13. Let I = I{B) be the closure of Ic{B) in k{B) and Ir ~ Ir{B) the closure of Q(^Ic{B)) 
in kr{B). Then: 

1. {k{B),(3) is the enveloping action o/(/, /3|^). 

2. (kr(i3),/3) is the enveloping action o/(/r,/3|^ ). 

Proof. Both parts are direct consequences of |6.5| . □ 



We will see next that the natural epimorphism : k{B) — > k,.(B) is an isomorphism. In fact, we 
will show that the restriction of to the ideal / is an isomorphism L ^ Ir^ and therefore we must have 
k{B) = kr{B), because of the uniqueness of the enveloping action. The fact that : / ^ is an 



isomorphism will follow from 6.14 and S.15 below 



Lemma 6.14. Let c := {J27=i h * k* : n > 1, ki G Ic{B)} C k^^B), where the closure is taken in the 
inductive limit topology. Then, if ^ Gc{B), we have that G cClLdB). 

Proof. Let ^ G Gc{B). Since Cq{B) is a non-degenerate right Banach module over B^, the Cohen-Hewitt 
theorem implies that there exist rj G Cc{B), and b € B^, such that ^ = rjb. Let ( G Cc{B) such that 
C(e) = b* . The function G ^ B^ such that t i — > C{t)*C{t) ~ bb* is continuous and vanishes a,t t = e. 
Thus, given e > 0, there exists a neighborhood of e, such that if i G Ve, then \\({t)*C{t) — bb*\\ < e. 
Let {fv)vev be an approximate unit of L^{G) as in Lemma 4.14, and for each G V let = fy^C- 
Then Cv G Cc{B), and ((y, Cv)r ^ because if F C V,: 



ll(Cy,Cy)r - 66*11 = II / /y(t)(C(t)*CW - 6&*)di|| < / /y(t)||CW*CW - 66*||dt < e. 
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Now, for each V £V consider the kernel ky £ Ic{B) given by ky = {tiXv}i- If V CV^: 

m,Oi~kv^K)\^^^^^\\ = U{r)m* - I kv{r,t)k*y{t,s)dt\\ 

•J G 

= Mr)b{j^{s)hy ~ f kv{r,t)kv{s,trdt\\ 

JG 

^Ur)bb*^{sr- f vir)Cv{trMcvitrydt\\ 

JG 

= Mr)bb*rjisr ~ [ T^irKvitycvitMsydtw 

JG 

= Ur){bb*-{Cv,Cv)rHsr\\ 

<4v\L 

Thus fcy * fcy — > in the inductive limit topology, and hence ^ ^ 

Lemma 6.15. Let (£", (•, •, •)) be a *-ternary ring, and \\-\\, | ■ | two C* -norms on E' , with \\ ■ \\ < | ■ |. 
Let E be the completion of E' with respect to \\ ■ \\, and {■,-)r '■ E x E E^ the corresponding right 
inner product. If spaii{E' , E') is an ideal of E^ , then || • || = | • |- 

Proof. Let F be the completion of E' with respect to | • |, and F xF ^ F"^ the corresponding right 

inner product. Let xi, . . . , a;„, yi, . . . , j/n G E', and assume that J^^^ii^i^Vi) = G E"^. Then, Vz e E': 
= zJ2"=i{xi,yi)r = Y^"=iiz,Xi,yi) = zJ2i^i[xi,yi]r, and hence J2'i=i[^^^yi\r = G F'^, because E' 
is dense in F. Thus we may define ip : spa'n{E' , E')r F^ such that (^ii = I^i; yjlr- 

It is straightforward to check that t/i is a *-homomorphism. Since span(£", i?')^ is an ideal of £''', it 
is contractive (by VL19.11). In consequence we have, Va; £ E': | a; |^ — | [x,a;] | — \ ip{{x,x)) \ < 
\\{x,x)\\ = ||a;p < and therefore || • |j = | ■ | □ 

Proposition 6.16. Let B be a Fell bundle. Then 17 : k(/B) — > kr(;B) is an isomorphism. 



Proof. Let c be the set defined in 3.14 , that is, c C Ic{B) is the closed cone of kc{B) generated by the 
elements of the form k * k*, with k £ Ic{B). Since the convergence in the inductive limit top ology 
implies the convergence in HS(B), and therefore in k(i3), we have that c C k(i3)+. Then, by |t| 



■)i : Cc(B) X Cc(B) k(6) is an inner product. Let | • | be the norm on Cc{B) induced by 
that is, 1^1 = IKCjO'IIj where we are considering as an element of k{B). This is a C*-norm on 

Cc{B), because by completing it with respect to this norm, one obtains a Hilbert module over k{B) 
(see |l|l). Let ||^|| be the norm of C as an element of L'^{B). Recall that = where 

£ kr{B) is the adjointable ma p giv en by K,?](C) = C /g C('*)*C('S)c?'S. So we have that |^| > ||^||, 
because rj((^,Oi) = Now, by |t| above (with E' = CdB)) it follows that || ■ || = [ • |. Therefore 



I = E^ = Ir, and since {(3,k{B)) and ((3,kr{B)) are the enveloping actions of P\j and p\j , then 



kriB), because of the uniqueness of the enveloping action (Theorem 3^). □ 



In [g2|, Quigg introduced the notion of ideal property of a C*-algebra: a property P of a C*-algebra is 
ideal if every C* -algebra has a largest ideal with property V, and if this property is invariant by Morita 
equivalence and inherited by ideals. 

Corollary 6.17. LetV be an ideal property. Then B^, has property V iffk{B) has property V . Therefore 
Be is liminal, antiliminal, postliminal or nuclear, iJfk{B) is respectively liminal, antiliminal, postliminal 
or nuclear. 



Proof. Since Be and I are Morita equivalent, Be has property V if and only if / has property P. On 
the other hand, by 3.£, / has property V if and only if k{B) has property V. □ 
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Before ending this part, we would like to emphasize the functorial nature of k{B). Suppose that 
A = {At) and B = {Bt) are Fell bundles, and that (f> : A ^ B \s a. Fell bundle homomorphism. For 
instance, </) could be a homomorphism induced by a morphism between partial actions. If fc G hc{A), it 
is clear that kc(0)(fc) £ kc(;B), where kc((/i)(fc)|, , ~ (j){k{r,s)). Moreover, it is easy to check that the 
resultant map kc{(t>) : Ikc(-4) — > hciB) is a homomorphism of *-algebras, which is injective if 4> is injective. 
In addition ||kc(^)(A:)||2 < ||A:||2, so kc((/)) extends to a homomorphism HS{(j)) : HS{A) HS{B) of 
Banach *-algebras. Hence, there is an induced homomorphism of C*-algebras k(0) : k(^) k(S). It 

is straightforward to verify that A i — > k(^) and [A B) i — > (k(^) k(B)) is a functor from the 
category of Fell bundles to the category of C*-algcbras. 

li (j) : A ^ B is injective, then k((/)) : k(^) k{B) also is injective. To see this, let tt : B — > B{H) be 
a representation such that 7r|^ is faithful. Then 7r</) : A B{H) is a representation such that 7r0|^ 
is faithful. Since kr(-4) = k(^), by |6.9| we have that tt and ttcJ) induce unique faithful representations 
TT : k(^) — > B{H) and 7r0 : k(^) — > B{H), and it is clear that 7r0 — 7rk(0), which implies that 7rk(0) is 
injective. Therefore k(0) is injective. 

7. Existence and uniqueness of the Morita enveloping action 

In the sequel we prove the main result of the paper: any partial action has a Morita enveloping action, 
which is unique up to Morita equivalence. To do this, we apply the previous results to the case when 
the Fell bundle B is the one associated with a partial action a. We show that the natural action on k{B) 
is a Morita enveloping action of a. More precisely, assume that B is the Fell bundle of a partial action 
a = ({A}tGG, {ajtec)- Then define on E the partial action 7 = {{Et}teG, {itjtec), where Et = EDt, 
and 7t : Et-i Et is such that 7t(0|^ = A(t)i/2^(ri), for aU ^ e Et-i f) Cc{B). In Theorem 0, we 
prove that -f"^ — a and 7' = d, where d is the natural action of G on k{B). It follows that {k{B),d) is 
a Morita enveloping action of a, and therefore any partial action has a Morita enveloping action. We 



prove later in Proposition 7.6 that the Morita enveloping action is unique up to Morita equivalence. 



Proposition 7.1. Let B be a Fell bundle, [3 the natural action of G on kc{B), and Ic{B) the two-sided 
*-ideal ofkc{B) defined after Proposition \6.^ , that is, Ic{B) = spsLa{Gc{B),Gc{B))i. Fort G G, consider 
the two-sided *-ideal I^r — Ic{B)f]f3t{IciB)) ofkc{B). Then the closure of It in the inductive limit 
topology is the set 



{k e kciB) : fc(r,s) e (spanS^5*) n (spanBrfB;^, Vr, s e G}. 

Proof. Let k g Ic{B). There exist ^i, rji e Cc{B), such that k = J2i{^i:Vi)i- I^i particular, k{r,s) = 
E» ^^ir)ri,{s)* e spanBrB*, Vr, s e G. Now, if A: G I^r, then (fc) G IdB), and therefore A-i (fc)(r, s) G 
spa.nBrB*, Vr, s G G, that is, A(i)"ifc(rt"\ si^^) G spani?rS*, Vr, s G G. Equivalently, fc(r, s) G 
spani?rt -B*t, Vr, s G G. Let 6 = CdG) Q Cc{G), which is a dense subalgebra of Gc(G x G) in the 
inductive hmit topology. If 0, t/i G Gc(G), ?7 G Gc(;B), then (0 (g) = ('/'Cj^'?)/; and hence 



8/(^ C /f . The result follows now from Lemma 6.4|, □ 



Suppose now that a — {{Dt}t£G, {cktltec) is a partial action of G on the G*-algebra A, and let B 
be its associated Fell bundle. For each t G G, consider the subset Et :— WpEnEDt of E. By the Cohen- 



Hewitt theorem, Et = {£,a : ^ € E,a € Dt}. By Proposition j^, Et is an ideal oi E. If ^ : G ^ S is a 
section, there exists a unique function : G ^ A such that ^'(r) & Dr, ^r ^ G, and such that ^(r) = 
(r, ^'(r)). ^ is continuous with compact support if and only if ^' is continuous and of compact support. 
Suppose that ^ G Gc{B), and a G Dt. Then £_a\^ = ^(r)(e,a) = (r, ^'(r))(e, a) = (r, ar(ar-i(?'(^))a))- 
Since a^.-! (^'(r))a G D^-i n Dt, we have that £,a\ G I?r n I?rt, Vr G G. Thus i?t is the closure of 
Ef {e G Gc(B) : ^'(r) G I?, n i^^, Vr G G}. 

Proposition 7.2. Lei a = {{Dt}t£Gj {cKtltec) &e a partial action of G on A, with associated Fell bundle 
B. Then: 
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1. BrBl = {{rs-^,Drr\D^,-i)], s £ G. 

2. BrBlnBrtB*^ = {{rs-^,Drr\DrtnDrs-i)}, yr,s,te G. 

3. The closures of {E^,Ef)i and /f (defined in 7.1) in the inductive limit topology agree, and they 
are equal to the set: {k £ kc{B) : k{r, s) e BrB* n BrtB*f, Vr, s £ G} 

4. El — It, where It is the closure in I. 

5. If a is the natural action of G on k{B), then q:|^ — (^{It}t£G,{<^t\j }teG)- 



Proof To prove 1., recall that Br = (r, D^), Vr e G. Then 

ir,Dr){s,Dsy = ir,Dr){s-\a,-i{D,)) 

= {rs^'^ ,ar{ar-i{Dr)as-i{Ds))) 
= [rs^^ ,ar{Dr-i DD^-i)) 
= irs-\DrnDrs-i) 

2. BrB* n BrtB*t = {{rs'\Dr n Dr,-i)} f]{{rs'\Drt n Dr,-i)} = {{rs-\Dr n i^w n 

3. Let l,7^£E, ^(r) = (r,^'(r)) and 77(r) = (r,?7'(r)), Vr £ G. We have: 

{Lri)i{r.s)=£,{r)T^{sr 

^{r,ar)){s,^'{s)y 

= {r,^'{r)){s-\as-.{ii'{sY)) 

= {rs~^ ,ar{ar-i{(,' {r))as-i{7^' {s)))) 

Hence, if ^, rj G E^, then 

(^,77); e {rs-^,ar{ar-i{Drr\Drt)a,-i{Dsr\Dst))) 

= (rs"\Q!^(i:)^-i n A nL's-i)) 

= BrBl n BrtBl^, by 2. 



Since BrB* n BrtB*^ is a closed linear space, Lemma 6.4 shows that the closure of {E^, Ef)i in the 
inductive hmit topology is {k G kc{B) : k{r, s) G BrB* n BrtB*^, Vr, s G G}, and by 7A_, this set agrees 
with the closure of 1^ in the inductive limit topology. So 3. is proved. 

4. This is an immediate consequence of 3. 

5. We must show that lr\at{I) = It- Since = Ic{B)nat{IciB)) C /ndt(/), we have that It C Ir\at{I). 
To prove the converse inclusion, by 5.4 it is enough to show that (^lridt{I))E C Et- Let x G /ndt(/). 

Then a; = at(j/), for some y G I. For a given e > 0, let fc G kc{B) be such that \\y — k\\ < e. Then 
|a; — oit{y)\\ < e, because at is an isometry. Consider now ^ G Gc{B). We have: 

at(fc)C|^= / A{t)k{rt,st)^{s)ds £ BrtBstBs. 
Jo 

By 1., BrtBstBs — {rs^^,Drt Ci Drs-i){s, Dg), and therefore 

at{k)^\^ e{r,ars-i{asr-i{Drt n ZJ^s-O^s)) 
(r, a^^-i (D^r-i n n Ds)) 

from where it follows that at{k)£, G E^. By the continuity of the product, it follows now that xE C Et, 
Va; G / n at{I), and this ends the proof. □ 

Consider now, for each t G G, the map 7^ : Gc(G, A) -> Cc{G,A) such that 7t'(f )|^ = A{ty/'^^'{rt). 
Suppose that ^ G E^^i, where ^(r) = i Vr G G. Then the map r 1 — > (''7 7t ')('')) is an element 
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of E^. YtiOir) = A(t)i/2^'(r<) G Drt n D^t-i = Ci Drt- Therefore, we may define 7* : E^_, E^, 
such that 7i(e)(r) = {r,jiiC){r)) - (r, A(t)i/2^'(rt)). 

Theorem 7.3. Any partial action on a C* -algebra has a Morita enveloping action. More precisely, let 
a — ({Z?f}tgGj {o^tltGc) be a partial action of G on a C* -algebra A, and let B the Fell bundle associated 
with a. Let Ef and "ft be the ones defined previously. Then: 

1. For each t, 7f : E^_i — > E'j: is an isometry that extends by continuity to an isomorphism 74 : 
Ef-i —> Et ofC*-trings. 

2. 7 = {{Et\teG, {lt\t£G) a partial action of G on E. 

3. 7'' = a, and 7' = a\^, where a is the natural action of G on k(i3). 

Proof. Let r/ G Cc{B). Identifying A with the unit fiber of B over the unit element of G, and the 
kernel k e kc(i3) with k' : G x G ^ A such that k{r, s) — (rs^^, k'{r, s)) , we have the identities: 

(1) {tv)iir,s) - a,(a,-i(e'(r)K-i(r7'(s))) 

(2) (e,^).= / a.-i(e'(r)*??'(r))dr 

JG 

If ^, 77 e E^_i, by (H) we have that: 

{lt{0,ltmr= I ar-.{-i'M'){rrit{ri'){r))dr 

JG 

= [ ar-i{A{ty^^^'{rt)*A{ty^^i^'{rt))dr 

JG 

= f A{t-')A{t)a,s-.{e{srrf{s))ds 

JG 

= / atas-i(^'{s)*ri'{s))ds 

JG 

Then 7^ is an isometry with dense range, and hence it extends to a bijective isometry 7f : £^4-1 — » Et, 
such that (7t(0i 7t(^))i- = ctt{{£,,''l)r), Vf, ij € E. On the other hand, if ^ G -E^-i and a G -Dj-i, we have 
that ^a(r) = (r, ^'(r))(e, a) = (r, ar(ar-i^'(r)a) . Thus: 

7t(?a)W - {r,A{ty/^art{a,t-i{e{rt))a) 

= (r,A(t)i/2^'(rt))(e,a,(a)) 
= 7t(0"t(a)W- 

It follows that 7f is an isomorphism of C*-trings, and 7^ = at, which proves 1. 

Let us see that 7 is a set theoretic partial action: it is clear that E^ — E and 7^ = ids- Suppose now 
that ^ G E^_r is such that jti^) G Then: 

jsltiOl = {r,A{s)^/'{ji{a){rs)) = {r, A{s)^/' A{t)^/'e {rst)) = {r, A{st)^/'e {rst)) ^ j^tiOL 

Then 7^4 is an extension of 7^7*, and therefore 7 is a set theoretic partial action on E. So, 2. is proved, 
up to the continuity of 7, that will be proved later. 
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Since = Dt by the computation that showed that 74 was an isometry also imphes that 7"" — a. 
To see that 7' = d|^, observe that if 77 £ E^^i, by (|^) we have: 

(7t(0,7*W);(r,s)=a.(a,-i(7^(nMK-(7t'(^')(s))) 

= a,(a,-i(A(t)i/2e'(rt))a,-i(A(i)i/V(si))) 
= l^{t)art{art-i{i'{rt))a,t-i{ii{st))) 
= A{t){^,Tj)i{rt,st) 

Hence at is an extension of -fljVt ^ G. By Proposition |7.2| , we have that E[ = It,'it ^ G, from where 
we conlude that 7' = dj^. Then 3. is proved. 

It remains to show the continuity of 7. We will prove that if is a net in E that converges to ^, 
with e E^-i, ^ e £^f-i, then 7(^(^0 ^ 7t(C)- Let e > 0. By the Cohen-Hewitt theorem, there exist 
^' G Et-i, a e Dt-i, such that ^ = ^'a, and we may suppose that a ^ 0. Since E^^i is dense in Et-i, 
there exists rj e such that ||^' — 77II < e/4||a||. Therefore, 

(3) U-va\\<e/4 

Since the family {ZJ^jreG is continuous, there exists d e Gc{G,A) such that d{t^^) — a. Let us define 
f]s ~ i]d{s^^). In particular, r]t — ija. Note that rjs G f] -E's-i ' because 77 e -EJ^-i , and d(s^^) £ D^-i , 
Vs £ G. Since the action of A on is continuous, and since d is continuous, we have that r/s — > rjt in E. 
Therefore, there exists ii such that Wi > ii we have: 

(4) U~Vu\\<^/^ 

(In fact, we even have that rjs — > rjt in the inductive limit topology, because ||7?s(7') || = 

Ur)dis-^) ~ vir)dit-^)\[ < hlloolM(s-i) - 1)11). 
Let ri{r) — (r, ?7'(r)). Since r/s — 'qd{s ^) we must have: 

{r,^'^{r)) = {r,^'{r)){e,d{s-')) = (r, a.(a.-i (V(r)d(s-i)))) . 

Then7s77s(r) = (r, 7s7?^(r)) — (r, A(s)i/^ars (ck^-ir-i ('7'(?'s)rf(s~^)))) ■ Hence the map G x G ^ A such 
that (s,r) I — > I'sV'sij'') is continuous and has compact support. Therefore the map G Go (A) given 
by s I — > 7^77^ is continuous. It follows that \\''is'ns — 7t'7t||cx; — * when s ^ t. So we also have that 
WjsVs ~ ItfltW — > if s — > Hence there exists 12 such that Vi > 12: 

(5) huVu - imW < e/4: 

On the other hand, since —>■ ^, there exists 13 such that Vi > 13 we have: 

(6) ||6-eil<e/4 

Let io > ii, Z2, 73. Since each 7^ is an isometry, if i > iq, by (^), (^, and (^) we have that: 

Il7t.(e.) - 7t(0ll < ht.te) - itMM + \huiriu) - it(j)t)\\ + U{m) - am 

< ll6-'7tJ| + e/4+ha-e|| 

< \\e.-a + U-Vu\\+e/2 

< e 

This proves that 7 is continuous, which ends the proof. □ 
Our next task is to show that, up to Morita equivalence, the Morita enveloping action is unique. This 



will be proved in Proposition 7.6 



Theorem 7.4. Let B ~ {Bt)teG be a Fell bundle over G, £ = {Et)teG 0, right ideal of B, and A = 
(At)tgG a sub-Fell bundle of B contained in £. Define kc(f ) = {fc G 'kc{B) : k{r, s) G E^i^-i , Vr, s e G}, 
and let k(£) be the closure ofhc{£) in k(i3). Suppose that A£ C £ and ££* C A. Then: 
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1. kc{A)kc{£) C kc{£), and k{A)k{£) C k{£) 

2. kc{£)kc{B) C kc{£), and k{£)k{B) C k{£). 

3. kc{£)kc{£)* C kc{A), and k{£)k{£)* = k(^). In particular, k{A) is a hereditary sub-C* -algebra 
o/k(S). 

4. If span(£* £ Bt) is dense in Bt, for every t G G, then the closure of spankc{£)*kc{£) in kc{B) 
in the inductive limit topology is kc{B), and spank(f )*k(f ) = k{B). In particular, k{A) and k{B) 
are Morita equivalent. 

Moreover, k{£) is invariant under the natural action of G on k{B). In the hipotheses of 4. above, the 
natural actions of G on k[A) and on k{B) are Morita equivalent. 

Proof. As we have already remar ked at the end of Section |, if C B, then k{A) C k(;B). 
Let a e K{A), ^,r]e K{£), b G K{B), r, seG. Then: 

1. a*i{r,s) = J^a{r,t){{t,s)dt G A^t-iEt,-! C £f]B,.,-i = E^.-i. Therefore, kciA)kc{£) C kc(5), 
and hence k(^)k(£:) C k{£). 

2. Note that the second assertion is a consequence of the first one. On the other hand: ^ * b{r, s) = 
jQ^{r,t)b{t, s)dt G Ert-^Bts-i C £^Brs-^ = E^s-^, which proves the first assertion of 2. 

3. ^*ri*{r,s) = J^£,{r,t)r]{s,t)*dt £ E^t-iEt,^i C AClB^.-i. Thus, kc(f)kc(£')* C kc(^) e k(£:)k(£:)* C 
k(^). The equality follows from the Cohen-Hewitt theorem and from the inclusion k(^)k(^)* C 
k{£)k{£)*. 

4. Let F ~ spankc(f )*kc(£) C kc{B), and consider the dense subalgebra 6 = Cc{G) Q Cc{G) of 
Ca{G X G). If V e CciG), 77 e kci£), then: 

iip^^)C*v{r,s)^ f ^{r)^{s)i{t,ryT^{t,s)dt^ f {i^m,r)y {,pi^)it, s)dt ^ {ip^* * i^v)ir, s), 



where (p^{r, s) = (f{r)£,{r, s). Since ip^ G kc{£), G Cc(G), ^ G kc{£), we see that QF C F. 

Now, let a G B^^-i be such that a — b*c, with b G Ef^-i and c G E^g-i, for some t G G. Let ^, 
77 G kc{£) = Cc{£v) be such that £,{t,r) = b, ri{t,s) — c, so ^{t,r)*r]{t, s) = b*c — a. Let V be a base 
of neighborhoods of the identity of G, and {fv)vev an approximate identity of L^{G) as in 4.14 , For 
each V gV consider 77^ G kc{£) such that i]y{r,s) = fv{t^^r)ri{r, s). The map G — » Bj.g-i given by 
u ! — > ^(w, r)*rj{u, s) is continuous with compact support. Thus, if e > 0, there exists a neighborhood Ve 
of the identity of G such that, if t^^u G V^, then r)*T]{u, s) - ^{t, r)*r/{t, s)|| < e. Hence, if F C V^: 

\\C*vl{r,s)-a\\ = \\ [ fv{t-'uMu,rrrj{u,s) - at,rrrj{t,s)]du\\ 

JG 

< f fv{t-'um{u,rrr,{u,s) - ^{t,rrT^it,s)\\du 
Jtv 

< / fv{t^^u)edu 



Since B^s-^ — span{ E*^ _ 1 iJ„ - 1 : u G G}, we conclude that spankc(5)*kc(f ) B^g-i is dense in B^g-i, 
\/r,s G G, and hence that spankc(f )*kc(i?) is dense in kc{B) in the inductive limit topology by |6.4[ . 
This, together with 3., proves that k(^) and k{B) are Morita equivalent. 

Let /? be the natural action of G on k{B), and k G kc{£), t e G. Then /3t(fc)|, = A{t)k{rt,st) G 



Ert{st)-^ — Esr-i, and therefore k G kc{£). It follows that (3t{kc{£)) = kc(£), thus /3t(k(f)) = 
This completes the proof. □ 



Corollary 7.5. Let a and [3 be Morita equivalent partial actions with associated Fell bundles Ba and 
Bf3 respectively. Let a and $ be the natural actions on k{Ba) and k{Bp). Then a and are Morita 
equivalent. In particular, k{Ba) and k(B/5) are Morita equivalent. 
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Proof. Suppose that 7 is a partial action that implements the equivalence between a and /3. Since the 
Morita equivalence of partial actions is transitive, we may replace f3 by the linking partial action of 7 
(see the proof of 5.15 in page ^9|). In the proof of Proposition 5.15, we constructed a right ideal £ of 
Bp such that Ba, £ and Bp satisfy the conditions 1.-4. of Theorem 
instead of B). Now the result follows from 7.4. 



7.4 (with Ba 



in place of A and Bp 
□ 



Proposition 7.6. The Morita enveloping action is unique, up to Morita equivalence. 



Proof. Since the Morita equivalence of partial actions is transitive, by Corollary 7.5 above it is enough 
to show that if (/?, B) is an enveloping action of the partial action (a. A) and a is the natural action on 
k(^), where A is the associated Fell bundle of a, then /3 and d are Morita equivalent. 

Now, let B be the Fell bundle associated with the enveloping action /3, and $ the natur al action 
of G on k{B). Consider the right ideal £ oi B co nstr ucted in the proof of Theorem 4.18| , that is, 
£ = {{t, x) € B : X € A,\/t G G}. Applying Theorem TA^, it follows that a and (3 are Morita equivalent. 
Since B is a saturated Fell bundle, by 6.6 we have that k{B) = /, and therefore /3 ~ by 7.3 2. and 3. 
In conclusion: a ^ (3. □ 

Corollary 7.7. Let {a, A) be a partial action with Morita enveloping action {j3,B), and assume that 
V is an ideal property. Then A has property V if and only if B has property V. In particular, B is 
nuclear, liminal, antiliminal or postliminal, if and only if A is respectively nuclear, liminal, antiliminal 
or postliminal. 



Proof. This is a direct consequence ofjeTzl, [7!3|and[7 



□ 



8. Partial actions induced on A and Prim(y4) 



Let a be a partial action on the C* -algebra A that has a Morita enveloping action /3 acting on a 
C*-algebra B. One can see that a induces partial actions on A and Prim(A), the spectrum of A and 
the primitive ideal space of A respectively. In this part we will show that the enveloping actions of these 
partial actions are precisely the actions induced by /? on _B and Prim(i?) respectively. 

Let us fix some notation, li I <\ A let Oi = {P <\ A : P is primitive and P ^ /}, that is, 
{Oi : / < ^} is the Jacobson topology of Prim(^). Recall that there is a natural map n : A ^ Prim(A), 
given by K([7r]) = kervr, that is surjective but in general not injective. The topology of A is the initial 
topology defined by k, so the open sets are of the form V/ — k~^(0/). With this topology A is locally 
compact, and it is compact if A is unital (||l^, VII-6.11). The restriction maps r : Oi ^ Prim(/), such 
that r{P) = P n I, and r : Vi ^ I , such that r-([7r]) = [7r\j], arc homcomorphisms. 

Proposition 8.1. Let f3 : G x B ^ B be a continuous action of G on the G* -algebra B. Then: 

1. (3 : G X B ^ B such that /3(([7r]) — [no Pi-i] is a continuous action. 

2. [3 : G X Prim(i3) —t Prim(i?) such that l3t{P) — l3t{P) is a continuous action. 

Proof. A proof of 1. may be found in p6[, 7.1. To prove 2., note that the following diagram commutes: 



Gx B 



idXh 



G X Prim(P) 



Prim(B) 



A 

Since B has the initial topology induced by k, then Prim(i?) is precisely the topological quotient space 
of B with respect to k, and therefore G x Prim(i?) is the topological quotient space of G x B with 
respect to id x k. Thus, /3 is continuous if and only if (3{id x k) is continuous; but P{id x k) ~ and 
k/3 is continuous. □ 
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It is possible to give a direct proof of the following result, but wc will obtain it indirectly from 8.3 



and 8.5 



Proposition 8.2. Let a — {{Dt\t£GiOitt^Q) be a partial action G on the C* -algebra A. 

1. For each t e G let Ot := Od* = {-P G Prim(A) : P 2 A}- Then 5 = ({Ot}teG, {ajtec) is a set 
theoretic partial action of G on Prim(A), where at{P) is the unique primitive ideal of A such that 
at{P)nDt = at{PnDt-i). 

2. For each t G G, let Vt '■— {[tt] G A : 7r|^ ^ 0}, that is, Vt — K^^{Ot), where Ot is like in 1. Then 

a = ({VtjtgG, {atltec) is a set theoretic partial action of G on A, where, if [tt] S Vt, then Q;t([7r]) 
is the class of the unique extension of tt o a^-i : Dt B{H^) to all of A. 

Suppose that the partial action (a, A) has an enveloping action (/?, B). Since A <\ B, A\s naturally 
homeomorphic to an open subset of B, and therefore the action /? restricted to this open set defines, via 
this homeomorphism, a partial action of G on a. We show next that this partial action agrees with a. 
Similarly, the restriction of /? to Prim(A) agrees with a. 

Proposition 8.3. Let a be a partial action on the C* -algebra A, with enveloping action (3 acting on 
the G* -algebra B. Then (Q!,Prim(A)) and {a, A) are partial actions, and: 

1. (/3, Prim(i3)) is the enveloping action o/ (a, Prim(A)), and 

2. {f3,B) is the enveloping action of {a, A). 

Proof. We identify Prim(yl) with Oa through the homeomorphism r^^. Thus a — ({Of}, {fit}) becomes: 
Ot = {P e Prim(i?) : P ^ Dt}, and if P £ Cj-i, then at{P) £ Ot is the unique primitive ideal of B 
such that a.t{P) Ci Dt — at{P Ci Dt-i). Let us see first that dom(/3f|^^) — domcif: 

dom(/3i)|o^ = {P e Prim(S) : P e Oa e Pt{P) e Oa} = 0^0 0^^_^^) = ^An^g.-ilA) = dom(5t). 

Now, if P e Ot-i, we have that /3t(P) = f3t{P) 2 Dt, and hence /3t(P) G Ot- But /3t(P) n Dt = 
(}t{P n (3t-i [Dt)) — at{P C\ Df-i). Then /3t(P) agrees with at(P); in particular a is a partial action. 

It remains to verify that the /3-orbit of Oa is Prim(i3). Suppose that there exists P G Prim(i3) such 
that P ^ Pt{Q), yQeOA- Then /3t (P) ^ Oa, Vt G G, that is, /3f(P) D A, Vt G G. But then P D 
\/t G G, and therefore P 3 = B, because (3 is the enveloping action of a. The contradiction 

implies that every primitive ideal belongs to the /3-orbit of some element of Oa- 

As for (3 and a, identify A with Va via r~^. Then a — ({Vt}, {at}) becomes: Vt = {[tt] G B : 7r|^ ^ 
0}, and for [vr] G Vt-i, at([7r]) is the class of the unique extension to B of the irreducible representation 
TT o ttt-i of Dt- From the computations above it follows that dom(/3)|^^ = Vt-i = dom(dt)- On the 
other hand, if [vr] G Vt-i, then (7ro/3j_i) is an extension to B of the representation tt oat- 1 , and therefore 
/3t([7r]) agrees with Q;t([7r]). It remains to show that the /3-orbit of Va is all of B, and this is similar to 
which has been done previously for a and (3: if [tt] ^ Pt{VA), Vt G G, then 7r|^^^^^ = 0, Vt G G, and 
therefore tt = 0, what is a contradiction. □ 

Lemma 8.4. Let 7 — ({Et}teGi {at}teG) be a partial action of G on a positive C*-tring E, and 
let {13, B) = (7',i?'), {a, A) — {'y^,E^). Consider the set theoretic partial actions (/?, Prim(P)) and 
(a,Prim(A)) induced by (3 and a on Prim(i3) and Prim(A) respectively (see Proposition \8.^ ). Then 
the Rieffel homeomorphism R : Prim(P) Prim(y4) is an isomorphism of set theoretic partial actions 
R : P ~* a. A similar statement stands for the set theoretic partial actions (3 and a induced by [3 and a 
on the corresponding spectra B and A of B and A. 

Proof. It is well known that if P G Prim(i3), then R(P) G Prim(A), and also that R is a homeomorphism 
(see for instance Corollary 3.33 of Since R{E]:) ^ El, it follows that R(Ot^) = O^ . Let I <i B. 

Then f3t{E\_i n /) is an ideal of Ei, and therefore there exists a unique F <\ Et such that P' = 
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Pt{El-i nl). We claim that F = jtiEt-i nIE). Indeed, {F,F)i = {-/t{Et-i n IE),-ft{Et-i nIE))i = 
Pt{{Et-i nlE,Et-i riIE)i), so F' = Pt{El^i n/). Similarly, if J < A, we have that n j) = 

(^jf(Et-i n EJ)y . Now, if P e O^i, then /3t(P) = Q, where Q € Prim(i3) is the unique primitive ideal 
such that Q n El — l3t{E\_i n P). Since R is a lattice isomorphism, it follows that R{Q) n R{E\) = 
R{(3t{El-i nP). That is, 

R(Q) n El = {Et-i n peY = at n {PEy) = at{El^ n R(P)). 

Thus, since R(Q) is a primitive ideal, it must agree with 5t(R(P)). It follows that R : /3 — > a IS a 
morphism of set theoretic partial actions. Similarly, its inverse map R : ci ^ /? is a morphism, so R is 
an isomorphism between the set theoretic partial actions (3 and a. 

The proof of the corresponding statement for (3 and a is similar and it is left to the reader. □ 

Proposition 8.5. Let {a, A) be a partial action of G on the C* -algebra A, and let {P,B) be its Morita 
enveloping action. Then {a, Prim(A)) and (d. A) are partial actions, and: 

1. (/3,Prim(P)) is the enveloping action o/ (a, Prim(yl)), and 

2. {(3,B) is the enveloping action of (a, A). 

Proof. Since (3 is the Morita enveloping action of a, this one is Morita equivalent to for some 
ideal / of B. By ^.3| , is a partial action on Prim(/). On the other hand, R is a homeomorphism, 
and therefore a is continuous, that is, a is a partial action on Prim(y4). Since (/3,Prim(P)) is the 
enveloping action of {P\j,Pnin[I)) and R is an isomorphism of partial actions between Prim(i?)) 
and (a, Prim(A)), it follows that (/?, Prim(i?)) is the enveloping action of (ci, Prim(A)). The proof of 2. 
is similar. □ 

Corollary 8.6. If (a, A) is a partial action with Morita enveloping action {/3,B), then: 

A = Prim(A) B = Prim(B). 



Proof. By B.5 we have that (/?, B) is the enveloping action of a and that (/?, Prim(i3)) is the enveloping 
action of a. Suppose that a = a. Since the enveloping action is unique, we have that {(3,B) = 
(/?, Prim(P)). The converse is clear. □ 

The following result may be thought of as a non-commutative version of the well known fact that 
the integral curves of a vector field on a compact manifold X are defined on all of M. 

Corollary 8.7. Suppose that a is a partial action of G on the G* -algebra A, with Morita enveloping 
action _B). //Prim(j4) is compact (this is true if A is unital), then there exists an open subgroup H 
of G such that the restriction of a to H is a global action. In particular, if G is a connected group, then 
a is a global action. 



2.4 



Proof. If A is unital, then Prim(A) is compact by ||TJ], VII-6.11. Now, if Prim(A) is compact, by 
there exists an open subgroup H of G such that a restricted to iJ is a global action on Prim(A), and 
therefore every primitive ideal of A is in the domain of ds, Vs G H. By the definition of a, this implies 
that there is no primitive ideal of A containing the ideal Dg-i, and hence Dg-i — A, Vs G H. Therefore 
'^IffxA ^ global action. If G is connected, then G = H. □ 

9. Takai duality for partial actions 

In this last section of the paper we relate our previous results on enveloping actions with Takai duality 
for partial actions. If we tried to translate naively Takai duality from the context of global actions to 
our case of partial ones, it should be expressed as follows: if a is a partial action of G on A and 6 is the 
dual coaction of G on A yia.r G, then A and A >}a,r G xis G are Morita equivalent. However, as pointed 
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out by Quigg in pi| , this version of Takai duality fails for partial actions, and its failure is proportional 
to the "partialness" of a. 

In what follows we show that we still have a Takai duality for partial actions, which may be briefly 
expressed in this manner: if 6 is the dual action of G on A r G >^s G, then (j, A Xa^r G xig G) is the 
Morita enveloping action of (a. A). In other words, A is no longer Morita equivalent to A yia,r G >is G, 
but to an ideal / of this double crossed product, in such a way that this ideal together with the dual 
action allow us to recover the whole double crossed product. 

To be more precise, we will prove that if Ba is the Fell bundle associated to the partial action a, and 
a is the natural action on k{Ba), then the dynamical systems (^d,k{Ba)) and [6, A Xq ,. G G) are 
isomorphic. 

Before proceeding, let us recall some basic facts about crossed products by coactions; for more details, 
the reader is referred to ||l5|| and [p^ . The tensor product we consider is the minimal tensor product. If 
A and B are C*-algebras, set M{A^ B) := {m e A/(yl{g) B) : m(l ® B) + (1 ® B)m C A^ B}. Let 
wg : L^{G X G) L^{G x G) be the unitary operator such that wq{£_)\, , — ^(r, r^^s). Its adjoint is 

whiO\(^rs) ^(^'^s)- The comulUpUcation on C;(G) is 5g ■ C;{G) M {G;{G) <S) G;iG)) given by 
^g{x) — wg{x 1)'Wq, Vx e G*{G). A coaction of the locally compact group G on a G*-algebra A is 
an injective homomorphism 6 : A ^ Af(A{^G*(G)) such that for any approximate unit (ei)ig/ of A 
we have that ^(e^) converges strictly to 1 in M(^A^ G*(G)), and such that {6 ® id)S = {id ® 6g)S. In 
particular, Sq is a coaction of G on G*{G). 

Suppose that 5 : A A/(A0 G*(G)) is a coaction of G on A. The reduced crossed product A x^^r G 
of A by the coaction 5 is: 



Axs,rG:^ {5{a){l ® if) : a G A, £ Go(G)} CM(A0/C), 



where f G Ca{G) acts by multiplication on L'^{G). 

If J is a coaction of G on A, then there exists a canonical action j of G on A xg.r G. This action is 
called the dual action of G on Axs^rG, and it is characterized by the fact that it verifies St{S{a){l®(p)) = 
S{a){l (g) ipt) where, if e Go(G), then <pt(s) = (p{st), Vs £ G. 

Now consider a Fell bundle B — {Bt)t£G, and let Bg be the trivial Fell bundle over G, that is, the Fell 
bundle associated with the trivial action of G on C. We have a Fell bundle B Bg over G x G, whose 
reduced G*-algebra is naturally isomorphic to G* (B) G* (G) . We also have that L'^{B(^Bg) = 
L^{B)^L^{G) (see or g). Let wb : L^{B^Bg) ^ L^{B(S)Bg) be such that WBiOli^^s) = 
^(r, r~^s). Then wb is an adjointable operator, in fact unitary, with adjoint such that u'g(^)| = 
£,{r,rs). Now consider the map C(L'^{B)) C{L'^{B^ Bg)) such that x i — > wb{x ® Let 
6b : C;{B) ~* M{G;iB) (g) G*{G)) be the restriction of this map to G*{B). Then Sb is a coaction of G 
on G*{B) ([|l3|), called the duaZ coaction of G on G*{B). 
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Let f eCc{B),Ce Cc{B) C L^{B), and x e Cc(G) C L^{G). Then we have 



(A/(X)l)w^(^(8)x) 



(r.r ^s) 



G 



(A^(t)®l)(e®a;)| , , 
f{t)^(t-\) (g)x{t-'^s)dt 

Consider the representation of B given by bt A^^ (X> At S £(L^(;B) L^(G)) . It follows from the 
computations above that the integrated form of this representation factors through S. Thus if tt : 
C*{B) B{H) is a faithful representation, then ^b(A/) = tta, where tt^ is the integrated representation 
oiB^ B{L^{G, H)) such that bt ' — > A* (g) 7r(6t). 

Let a be a partial action, and Ba its associated Fell bundle. The next result shows the form that Takai 
duality has for partial actions: {f3,k{B)) and {Ss, C*{B) x>SB,r G) are isomorphic dynamical systems. 

Proposition 9.1. Let B = {Bt)t^G be a Fell bundle over G, 5 the dual coaction of G on C*{B), 5 
the dual action of G on C* {B) x s.r G, and (3 the natural action of G on k(i3) . Then there exists an 
isomorphism a : k{B) G*{B) yi s.r G such that a(3t = Stcr, Vt G G. 

Proof. We may assume, without loss of generality, that C*{B) C B{H) non-degenerately, for some 
Hilbert space H. Therefore also B C B{H), and C;{B) >^a> G C B{L\G,H)). 



On the other hand, by 6.7, the inclusion B ^ B{H) defines a faithful representation a : h{B) —>■ 
B{L^{G,H)) such that, if /c e k^B), x G L^{G,H), then cr(fc)|^ = J^k{r, s)x{s)ds. 
Now, if / e Cc(S), V e Cc{G) C Ga{G), and ^ e Cc{G) C L^G), heH,we have: 

^(/)(l®^)(C®/i)L,= / X.i^Oir) f{s)hds 

JG 

ip{s'\)^{s~^r)f{s)hds 

G 

= / ^{t-'nt-')f{rt)hdt 

JG 

A(s)-V(5)e(s)/(rs-i)Ms 
= a{k^j)i^(g>h)l, 

where k^j{r, s) = A(s)- V(s)/(rs-i). Thus, a{k^j) = 5{f ){l(S)ip), and hence cr(k(i3)) D C;{B) yis^rG- 
To prove the converse inclusion, it is enough to show that F := spanjfc^j' : (p e Gc{G), f £ Cc{B)} is 
dense in kc{B) in the inductive limit topology. This will follow from Lemma |6!^ . For given 4>, ijj € Gc(G), 
let o : G X G — > C be such that (poip{r,s) = (j){s)ip{rs^^). It is clear that (j)Oip is continuous and 
has compact support. Let 8 :— span{-0i o -02 : '0iiV'2 S Cc{G)}. Then 8 is dense in Go(G x G) by 
the Stone-Weierstrass theorem. In particular, 8 is a dense subspace Gc(G x G) in the inductive limit 
topology. Let us see that QF C F: if ipiOip2 £ 8, k^pj 6 F, we have: 

iipiOilj2)k^j{r,s) = A(s)~Vi(s)'02(?-s~^)'^(s)/(rs~^) = k^^^^^^f{r, s). 
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Now, it is clear that F{r,s) = B^^g-i, Vr, s G G. This shows that F is dense in k(B), and therefore 
cr : k{B) —> C*{B) 'As,r G is an isomorphism. FinaUy, if t e G we have: 

On the other hand: 

Pt{Kj)\(r^s) = Mt)Kjirt,st) = Ait) Aisty'^ist) firs-') = A(s)- Vt(s)/(rs-i) = K,j\^r,sr 
so aPtikipj-) — 6t(j{ktpj), and since F is dense in k(B), it follows that aPt = Stc. □ 

Remark 9.2. Since kiB) is isomorphic to C*(;B) x^.rG, we may apply Corollary 7/7 (or |6.17 ) to G*{B)>is.r 
G. In particular, we have that C*iB) y^s.r G is nuclear, liminal, antiliminal or postliminal, if and only 
if Bf. is respectively nuclear, liminal, antiliminal or postliminal. This was already known for discrete 
groups (11, 0). 

We also conclude that if A and B satisfy conditions 1.-3. in Theorem 7.4, then G*iA) yig.r G is an 
hereditary sub-C*-algebra of C*(i3) >is,rG. If they also satisfy condition 4. in 7^, then (C*(^) X5,rG, 6) 
and {C*iB) yis,r G,S) are Morita equivalent dynamical systems. In particular, if {a, A) and {(3,B) are 
Morita equivalent partial actions, then (Axa^rG xis^rG, 5) and (_B x i3.rGyis,rG, 5) are Morita equivalent. 
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